Statistical Theory of Magnetohydrodynamic Turbulence: Recent Results by Verma, Mahendra K.
ar
X
iv
:n
lin
/0
40
40
43
v1
  [
nli
n.C
D]
  2
6 A
pr
 20
04
Statistial Theory of Magnetohydrodynami Turbulene: Re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In this review artile we will desribe reent developments in statistial theory of magnetohydro-
dynami (MHD) turbulene. Kraihnan and Iroshnikov rst proposed a phenomenology of MHD
turbulene where Alfvén time-sale dominates the dynamis, and the energy spetrum E(k) is pro-
portional to k−3/2. In the last deade, many numerial simulations show that spetral index is
loser to 5/3, whih is Kolmogorov's index for uid turbulene. We review reent theoretial results
based on anisotropy and Renormalization Groups whih support Kolmogorov's saling for MHD
turbulene.
Energy transfer among Fourier modes, energy ux, and shell-to-shell energy transfers are impor-
tant quantities in MHD turbulene. We report reent numerial and eld-theoreti results in this
area. Role of these quantities in magneti eld ampliation (dynamo) are also disussed. There are
new insights into the role of magneti heliity in turbulene evolution. Reent interesting results in
intermitteny, large-eddy simulations, and shell models of magnetohydrodynamis are also overed.
PACS numbers: 47.27.Gs, 52.35.Ra, 11.10.Gh, 47.65.+a
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I. INTRODUCTION
Fluid and plasma ows exhibit omplex random behaviour at high Reynolds number; this phenomena is alled
turbulene. On the Earth this phenomena is seen in atmosphere, hannel and rivers ows et. In the universe, most
of the astrophysial systems are turbulent. Some of the examples are solar wind, onvetive zone in stars, galati
plasma, aretion disk et.
Reynolds number, dened as UL/ν (U is the large-sale veloity, L is the large length sale, and ν is the kinemati
visosity), has to be large (typially 2000 or more) for turbulene to set in. At large Reynolds number, there are
many ative modes whih are nonlinearly oupled. These modes show random behaviour along with rih strutures
and long-range orrelations. Presene of large number of modes and long-range orrelations makes turbulene a very
diult problem that remains largely unsolved for more than hundred years.
Fortunately, randommotion and presene of large number of modes make turbulene amenable to statistial analysis.
Notie that the energy supplied at large-sales (L) gets dissipated at small sales, say ld. Experiments and numerial
simulations show that the veloity dierene u(x+ l) − u(x) has a universal probability density funtion (pdf) for
ld ≪ l ≪ L. That is, the pdf is independent of experimental onditions, foring and dissipative mehanisms et.
4Beause of its universal behaviour, the above quantity has been of major interest among physiists for last sixty years.
Unfortunately, we do not yet know how to derive the form of this pdf from the rst priniple, but some of the moments
have been omputed analytially. The range of sales l satisfying ld ≪ l ≪ L is alled inertial range.
In 1941 Kolmogorov [8082℄ omputed an exat expression for the third moment of veloity dierene. He showed
that under vanishing visosity, third moment for veloity dierene for homogeneous, isotropi, inompressible, and
steady-state uid turbulene is
〈(
u||(x+ l)− u||(x)
)3〉
=
4
5
Πl
where || is the parallel omponent along l, 〈.〉 stands for ensemble average, and Π is the energy asade rate, whih
is also equal to the energy supply rate at large sale L and dissipation rate at the small sale ld. Assuming fratal
struture for the veloity eld, and Π to be onstant for all l, we an show that the energy spetrum E(k) is
E(k) = KKoΠ
2/3k−5/3,
where KKo is a universal onstant, alled Kolmogorov's onstant, and L
−1 ≪ k ≪ l−1d . Numerial simulations and
experiments verify the above energy spetrum apart from a small deviation alled intermitteny orretion.
Physis of magnetohydrodynami (MHD) turbulene is more omplex than uid turbulene. There are two oupled
vetor elds, veloity u and magneti b, and two dissipative parameters, visosity and resistivity. In addition, we have
mean magneti eld B0 whih annot be transformed away (unlike mean veloity eld whih an be transformed away
using Galilean transformation). The mean magneti eld makes the turbulene anisotropi, further ompliating the
problem. Availability of powerful omputers and sophistiated theoretial tools have helped us understand several
aspets of MHD turbulene. In the last ten years, there has been major advanes in the understanding of energy
spetra and uxes of MHD turbulene. Some of these theories have been motivated by Kolmogorov's theory for
uid turbulene. Note that inompressible turbulene is better understood than ompressible turbulene. Therefore,
our disussion on MHD turbulene is primarily for inompressible plasma. In this paper we fous on the universal
statistial properties of MHD turbulene, whih are valid in the inertial range. In this paper we will review the statistial
properties of following quantities:
1. Inertial-range energy spetrum for MHD turbulene.
2. Various energy uxes in MHD turbulene.
3. Energy transfers between various wavenumber shells.
4. Anisotropi eets of mean magneti eld.
5. Struture funtions <
(
u||(x+ l)− u||(x)
)n
> and <
(
b||(x+ l)− b||(x)
)n
>, where u|| and b|| are omponents
of veloity and magneti elds along vetor l.
6. Growth of magneti eld (dynamo).
Currently energy spetra and uxes of isotropi MHD turbulene is quite well established, but anisotropy, intermit-
teny, and dynamo is not yet fully understood. Therefore, items 1-3 will be disussed in greater detail.
Basi modes of inompressible MHD are Alfvén waves, whih travel parallel and antiparallel to the mean magneti
eld with speed B0. The nonlinear terms indue interations among these modes. In mid sixties Kraihnan [85℄
and Iroshnikov [77℄ postulated that the time-sale for the nonlinear interation is proportional to B−10 , leading to
E(k) ∼ B1/20 k−3/2. However, researh in last ten years [35, 69, 109, 180℄ show that the energy spetrum of MHD
turbulene Kolmogorov-like (k−5/3). Current understanding is that Alfvén waves are sattered by loal mean magneti
eld B0(k) ∼ k−1/3, leading to Kolmogorov's spetrum for MHD turbulene. The above ideas will be disussed in
Setions VII and IX.
In MHD turbulene there are exhanges of energies among the veloity-veloity, veloity-magneti, and magneti-
magneti modes. These exhanges lead to energy uxes from inside of the veloity/magneti wavenumber sphere to
the outside of the veloity/magneti wavenumber sphere. Similarly we have shell-to-shell energy transfers in MHD
turbulene. We have developed a new formalism alled mode-to-mode energy transfer rates, using whih we have
omputed energy uxes and shell-to-shell energy transfers numerially and analytially [45, 182, 184, 185℄. The
analyti alulations are based on eld-theoreti tehniques. Note that some of the uxes and shell-to-shell energy
transfers are possible only using mode-to-mode energy transfer, and annot be omputed using ombined energy
transfer in a triad [101℄.
5Many analyti alulations in uid and MHD turbulene have been done using eld-theoreti tehniques. Even
though these methods are plagued with some inonsistenies, we get many meaningful results using them. In Setions
VII, VIII, and IX we will review the eld-theoreti alulations of energy spetrum, energy uxes, and shell-to-shell
energy transfers.
Growth of magneti eld in MHD turbulene (dynamo) is of entral importane in MHD turbulene researh.
Earlier dynamo models (kinemati) assumed a given form of veloity eld and omputed the growth of large-sale
magneti eld. These models do not take into aount the bak-reation of magneti eld on the veloity eld. In last
ten years, many dynami dynamo simulations have been done whih also inlude the above mentioned bak reation.
Role of magneti heliity (a · b, where a is the vetor potential) in the growth of large-sale magneti eld is better
understood now. Reently, Field et al. [53℄, Chou [39℄, Shekohihin et al. [159℄ and Blakman [19℄ have onstruted
theoretial dynamial models of dynamo, and studied nonlinear evolution and saturation mehanisms.
As mentioned above, pdf of veloity dierene in uid turbulene is still unsolved. We know from experiments
and simulation that pdf is lose to Gaussian for small δu, but is nongaussian for large δu. This phenomena is alled
intermitteny. Note that various moments alled Struture funtions are onneted to pdf. It an be shown that
the struture funtions are related to the loal energy asade rate Π(k). Some phenomenologial models, notably
by She and Leveque [160℄ based on log-Poisson proess, have been developed to ompute Π(k); these models quite
suessfully apture intermitteny in both uid and MHD turbulene. The preditions of these models are in good
agreement with numerial results. We will disuss these issues in Setion XI.
Numerial simulations have provided many important data and lues for understanding the dynamis of turbulene.
They have motivated new models, and have veried/rejeted existing models. In that sense, they have beome another
type of experiment, hene ommonly termed as numerial experiments. Modern omputers have made reasonably high
resolution simulations possible. The highest resolution simulation in uid turbulene is on 40963 grid (e.g., by Gotoh
[71℄), and in MHD turbulene is on 10243 grid (e.g., by Haugen et al. [74℄). Simulations of Biskamp [15, 133℄, Cho et
al. [35℄, Maron and Goldreih [109℄ have veried 5/3 spetrum for MHD turbulene. Dar et al. [45℄ have omputed
various energy uxes in 2D MHD turbulene. Earlier, based on energy uxes Verma et al. [191℄ ould onlude that
Kolmogorov-like phenomenology models MHD turbulene better that Kraihnan and Iroshnikov's phenomenology.
Many interesting simulations have been done to simulate dynamo, e. g., Chou [40℄ and Brandenburg [22℄.
Beause of large values of dissipative parameters, MHD turbulene requires large length and veloity sales. This
make terrestrial experiments on MHD turbulene impossible. However, astrophysial plasmas are typially turbulent
beause of large length and veloity sales. Taking advantage of this fat, large amount of solar-wind in-situ data have
been olleted by spaerafts. These data have been very useful in understanding the physis of MHD turbulene. In
fat, in 1982 Matthaeus and Goldstein [113℄ had shown that solar wind data favors Kolmogorov's k−5/3 spetrum over
Kraihnan and Iroshnikov's k−3/2 spetrum. Solar wind data also shows that MHD turbulene exhibits intermitteny.
some of the observational results of solar wind will disussed in Setion V. In addition to the above topis, we will also
state the urrent results on the absolute equilibrium theories, deay of global quantities, two-dimensional turbulene,
shell model of MHD turbulene, ompressible turbulene et.
Literature on MHD turbulene is quite extensive. Reent book Magnetohydrodynami Turbulene by Biskamp
[14℄ overs most of the basis. MHD turbulene normally gures as one of the hapters in many books on Magneto-
hydrodynamis, namely Biskamp [11℄, Priest [153℄, Raihoudhury [41℄, Shu [162℄, Cowling [42℄, Vedenov [177℄. The
reent developments are niely overed by the review artiles in an edited volume [52℄. Some of the important review
artiles are by Montgomery [132℄, Pouquet [149℄, Krommes [92, 93℄. On dynamo, the key referenes are books by
Moatt [126℄ and Krause and Rädler [91℄, and reent review artiles [25, 67, 156℄. Relatively, uid turbulene has a
larger volume of literature. Here we will list only some of the relevant ones. Leslie [102℄, MComb [120122℄, Zhou
et al. [201℄, and Smith and Woodru [164℄ have reviewed eld-theoreti treatment of uid turbulene. The reent
books by Frish [61℄ and Lesieur [101℄ over reent developments and phenomenologial theories. The review artiles
by Orszag [140℄, Kraihnan and Montgomery [90℄, and Sreenivasan [165℄ are quite exhaustive.
In this review paper, we have foussed on statistial theory of MHD turbulene, speially on energy spetra,
energy uxes, and shell-to-shell energy transfers. These quantities have been analyzed analytially and numerially.
A signiant portion of the paper is devoted to self-onsistent eld-theoreti alulations of MHD turbulene and
mode-to-mode energy transfer rates beause of their power of analysis as well as our familiarity with these topis.
These topis are new and are of urrent interest. Hene, this review artile omplements the earlier work. Universal
laws are observed in the inertial range of homogeneous and isotropi turbulene. Following the similar approah,
in analyti alulations of MHD turbulene, homogeneity and isotropy are assumed exept in the presene of mean
magneti eld.
To keep our disussion foussed, we have left out many important topis like oherent strutures, astrophysial
objets like aretion disks and Sun, transition to turbulene et. Our disussion on ompressible turbulene and
intermitteny is relatively brief beause nal word on these topis still awaited. Dynamo theory is only touhed upon;
the reader is referred to the above mentioned referenes for a detailed disussion. In the disussion on the solar wind,
6only a small number of results onneted to energy spetra are overed.
The outline of the paper is as follows: Setion II ontains denition of various global and spetral quantities along
with their governing equations. In Setion III we disuss the formalism of mode-to-mode energy transfer rates in
uid and MHD turbulene. Using this formalism, formulas for energy uxes and shell-to-shell energy transfer rates
have been derived. Setion IV ontains the existing MHD turbulene phenomenologies whih inlude Kraihnan's
3/2 mode; Kolmogorov-like models of Goldreih and Sridhar. Absolute equilibrium theories and Seletive deay are
also disussed here. In Setion V we review the observed energy spetra of the solar wind. Setion VI desribes
Pseudo-spetral method along with the numerial results on energy spetra, uxes, and shell-to-shell energy transfers.
In these disussions we verify whih of the turbulene phenomenologies are in agreement with the solar wind data
and numerial results.
Next three setions over appliations of eld-theoreti tehniques to MHD turbulene. In Setion VII we introdue
Renormalization-group analysis of MHD turbulene, with an emphasis on the renormalization of mean magneti eld
[180℄, visosity and resistivity [181℄. In Setion VIII we ompute various energy uxes and shell-to-shell energy transfers
in MHD turbulene using eld-theoreti tehniques. Here we also review eddy-damped quasi-normal Markovian
(EDQNM) alulations of MHD turbulene. In Setion IX we disuss the anisotropi turbulene alulations of
Goldreih and Sridhar [69, 166℄ and Galtiers et al. [63℄ in signiant details. The variations of turbulene properties
with spae dimensions have been disussed.
In Setion X we briey mention the main numerial and analyti results on homogeneous and isotropi dynamo.
We inlude both kinemati and dynami dynamo models, with emphasis being on the later. Setion XI ontains a
brief disussion on intermitteny models of uid and MHD turbulene. Next setion XII ontains a brief disussion
on the large-eddy simulations, deay of global energy, ompressible turbulene, and shell model of MHD turbulene.
Appendix A ontains the denitions of Fourier series and transforms of elds in homogeneous turbulene. Appendix B
and C ontain the Feynman diagrams for MHD turbulene; these diagrams are used in the eld-theoreti alulations.
In the last Appendix D we briey mention the main results of spetral theory of uid turbulene in 2D and 3D.
II. MHD: DEFINITIONS AND GOVERNING EQUATIONS
A. MHD Approximations and Equations
MHD uid is quasi-neutral, i.e., loal harges of ions and eletrons almost balane eah other. The ondutivity of
MHD uid is very high. As a onsequene, the magneti eld lines are frozen, and the matter (ions and eletrons)
moves with the eld. A slight imbalane in the motion reates eletri urrents, that in turn generates the magneti
eld. The uid approximation implies that the plasma is ollisional, and the equations are written for the oarse-
grained uid volume (alled uid element) ontaining many ions and eletrons. In the MHD piture, the ions (heavier
partile) arry momentum, and the eletrons (lighter partile) arry urrent. In the following disussion we will make
the above arguments quantitative. In this paper we will use CGS units. For detailed disussions on MHD, refer to
Cowling [42℄, Sisoe [163℄, and Shu [162℄.
Consider MHD plasma ontained in a volume. In the rest frame of the uid element, the eletri eld E′ = J/σ,
where J is the eletri urrent density, and σ is the eletrial ondutivity. If E is the eletri eld in the laboratory
frame, Lorenz transformation for nonrelativisti ows yields
E′ = E+
u×B
c
=
J
σ
, (1)
where u is the veloity of the uid element, B is the magneti eld, and c is the speed of light. Note that the urrent
density, whih is proportional to the relative veloity of eletrons with relative to ions, remains unhanged under
Galilean transformation. Sine MHD uid is highly onduting (σ →∞),
E ≈ u
c
B.
This implies that for the nonrelativisti ows, E ≪ B. Now let us look at one of the Maxwell's equations
∇×B = 4π
c
J+
1
c
∂E
∂t
.
The last term of the above equation is (u/c)2 times smaller as ompared to ∇×B, hene it an be ignored. Therefore,
J =
c
4π
∇×B. (2)
7Hene both E and J are dependent variables, and they an be written in terms of B and u as disussed above.
In MHD both magneti and veloity elds are dynami. To determine the magneti eld we make use of one of
Maxwell's equation
∂B
∂t
= −c∇×E. (3)
An appliation of Eqs. (1,2) yields
∂B
∂t
= ∇× (u×B) + η∇2B, (4)
or,
∂B
∂t
+ (u · ∇)B = (B · ∇)u−B∇ · u+ η∇2B. (5)
The parameter η is alled the resistivity, and is equal to c2/(4πσ). The magneti eld obeys the following onstraint:
∇ ·B = 0. (6)
The time evolution of the veloity eld is given by the Navier-Stokes equation. In this paper, we work in an inertial
frame of referene in whih the mean ow speed is zero. This transformation is possible beause of Galilean invariane.
The Navier-Stokes equation is [96, 97℄
ρ
(
∂u
∂t
+ (u · ∇)u
)
= −∇pth + 1
c
J×B+ µ∇2u+ 2µ
3
∇∇ · u, (7)
where ρ(x) is the density of the uid, pth is the thermal pressure, and µ is the dynami visosity. Note that kinemati
visosity ν = µ/ρ. Substitution of J in terms of B [Eq. (2)℄ yields
∂u
∂t
+ (u · ∇)u = 1
ρ
[
−∇
(
pth +
B2
8π
)
+ (B · ∇)B
]
+ ν∇2u+ 2ν
3
∇∇ · u, (8)
where pth +
B2
8π = p is alled total pressure. The ratio pth/(B
2/8π) is alled β, whih desribes the strength of the
magneti eld with relative to thermal pressure.
Mass onservation yields the following equation for density eld ρ(x)
∂ρ
∂t
+∇ · (ρu) = 0 (9)
Pressure an be omputed from ρ using equation of state
p = f (ρ) (10)
This ompletes the basi equations of MHD, whih are (5, 8, 9, 10). Using these equations we an determine the
unknowns (u,B,ρ, p). Note that the number of equations and unknowns are the same.
When β is high, B2 is muh less than pth, and it an be ignored. On nondimensionalization of the Navier-Stokes
equation, the term ∇p beomes (dρ/dx′) /ρ ×(Cs/U)2, where Cs is the sound speed, U is the typial veloity of
the ow, x′ is the position oordinate normalized with relative to the length sale of the system [172℄. Cs → ∞ is
the inompressible limit, whih is widely studied beause water, the most ommonly found uid on earth, is almost
inompressible (δρ/ρ <0.01) in most pratial situations. The other limit Cs → 0 or U ≫ Cs (supersoni) is the fully
ompressible limit, and it is desribed by Burgers equation. As we will see later, the energy spetrum for both these
extreme limits well known. When U/Cs ≪ 1 but nonzero, then we all the uid to be nearly inompressible; Zank
and Matthaeus [195, 196℄ have given theories for this limit. The energy and density spetra are not well understood
for arbitrary U/Cs.
When β is low, pth an be ignored. Now the Alfvén speed CA = B/
√
4πρ plays the role of Cs. Hene, the uid is
inompressible if U ≪ CA [14℄. For most part of this paper, we assume the magnetouid to be inompressible. In
8Table I: Typial values of parameters in ommonly studied MHD systems. Visosity and resistivity of rst 4 olumns are rough
estimates [100, 132, 158, 179℄
System Earth's Core Solar Conve-tive
Zone
Solar Wind Galati Disk Ioniz-ed H
(105K, 42Pa)
Hg
Length (cm) 108 1010 1013 1022 10 10
Veloity (cm/s) 10−2 104 106 106 102 10
Mean Mag. Field (G) 102 103 10−5 10−5 103 104
Density (gm/cc) 10 10−5 10−23 10−24 10−10 10
Kinemati visosity
(cm2/s)
10−2 1011 104 1021 105 10−3
Reynolds Number 108 103 1013 107 10−2 105
Resistivity (cm2/s) 104 1011 104 107 1.5× 105 104
Magneti Reynolds no 102 103 104 1021 7× 10−3 10−2
Magneti Prandtl no 10−6 1 (1)? 1014 0.7 10−7
many astrophysial and terrestrial situations (exept shoks), inompressibility is a reasonably good approximation
for the MHD plasma beause typial veloity utuations are muh smaller ompared to the sound speed or the Alfvén
speed. This assumption simplies the alulations signiantly. In Setion XIID we will disuss the ompressible
MHD.
The inompressibility approximation an also be interpreted as the limit when volume of a uid parel will not
hange along its path, that is, dρ/dt = 0. From the ontinuity equation (9), the inompressibility ondition redues
to
∇ · u = 0 (11)
This is a onstraint on the veloity eld u. Note that inompressibility does not imply onstant density. However,
for simpliity we take density to be onstant and equal to 1. Under this ondition, Eqs. (5, 8) redue to
∂u
∂t
+ (u · ∇)u = −∇p+ (B · ∇)B+ ν∇2u (12)
∂B
∂t
+ (u · ∇)B = (B · ∇)u+ η∇2B (13)
To summarize, the inompressible MHD equations are
∂u
∂t + (u · ∇)u = −∇p+ (B · ∇)B+ ν∇2u
∂B
∂t + (u · ∇)B = (B · ∇)u+ η∇2B∇ · u = 0
∇ ·B = 0
When we take divergene of the equation Eq. (12), we obtain Poisson's equation
−∇2p = ∇ · [(u · ∇)u− (B · ∇)B.]
Hene, given u andB elds at any given time, we an evaluate p. Hene p is a dependent variable in the inompressible
limit.
Inompressible MHD has two unknown vetor elds (u,B). They are determined using Eqs. (12, 13) under the
onstraints (6, 11). The elds E,J and p are dependent variables that an be obtained in terms of u and B.
The MHD equations are nonlinear, and that is the rux of the problem. There are two dissipative terms: visous
(ν∇2u) and resistive (η∇2B). The ratio of the nonlinear vs. visous dissipative term is alled Reynolds number
Re = UL/ν, where U is the veloity sale, and L is the length sale. There is another parameter alled magneti
Reynolds number Rem = UL/η. For turbulent ows, Reynolds number should be high, typially more than 2000 or so.
The magneti Prandtl number ν/η also plays an important role in MHD turbulene. Typial values of parameters in
ommonly studied MHD systems are given in Table I [100, 132, 158, 179℄. The alulation of visosity and resistivity
of MHD plasma is quite involved beause of anisotropy aused by mean magneti eld [162℄. In Table I we have
provided rough estimates of these quantities.
9B. Energy Equations and Conserved Quantities
In this subsetion we derive energy equations for ompressible and inompressible uids. For ompressible uids we
an onstrut equations for energy using Eqs. (5,8). Following Landau [97℄ we derive the following energy equation
for the kineti energy
∂
∂t
(
1
2
ρu2 + ρǫ
)
= −∇ ·
[(
1
2
u2 + ǫ
)
ρu
]
−∇ · pu+ 1
c
u · (J×B) + Φ (14)
where ǫ is the internal energy funtion. The rst term in the RHS is the energy ux, and the seond term is the work
done by the pressure, whih enhanes the energy of the system. The third term in the RHS is work done by magneti
fore on the uid, while Φ, a omplex funtion of strain tensor, is the energy hange due to surfae fores.
For the evolution of magneti energy we use Eq. (3) and obtain [96℄
∂
∂t
1
8π
B2 = − c
4π
B · ∇ ×E
= −∇ · c
4π
E×B− J ·E (15)
The rst term in the RHS is the Poynting ux (energy ux of the eletro-magneti eld), and the seond term is
the work done by the eletro-magneti eld on uid. The seond term also inludes the Joule dissipation term.
Combination of Eqs. (14, 15) yields the following dynamial equation for the energy in MHD
∂
∂t
(
1
2
ρu2 + ρǫ+
1
8π
B2
)
= −∇ ·
[(
1
2
u2 + ǫ
)
ρu+
c
4π
E×B
]
−∇ · pu+Φ+ 1
σ
J2
Here
1
2ρu
2 + ρǫ+ 18πB
2
is the total energy. Physial interpretation of the above equation is the following: the rate of
hange of total energy is the sum of energy ux, work done by pressure, and the visous and resistive dissipation. It
is onvenient to use a new variable for magneti eld B = BCGS/
√
4π. In terms of new variable, the total energy is
1
2ρu
2 + ρǫ+ 12B
2
. From this point onward we use this new variable for magneti eld.
In the above equations we apply isoentropi and inompressibility onditions. For the inompressible uids we an
hoose ρ = 1. Landau [97℄ showed that under this ondition ǫ is a onstant. Hene, for inompressible MHD uid we
treat (u2 +B2)/2 as total energy. For ideal inompressible MHD (ν = η = 0) the energy evolution equation is
∂
∂t
1
2
(
u2 +B2
)
= −∇ ·
[(
1
2
u2 +
1
2
B2 + p
)
u
]
− 2∇ · [(B · u)B]
By applying Gauss law we nd that
∂
∂t
∫
1
2
(
u2 +B2
)
dx = −
∮ [(
1
2
u2 +
1
2
B2 + p
)
u+ (B · u)B
]
· dS
For the boundary ondition Bn = un = 0 or periodi boundary ondition, the total energy
∫
1/2(u2+B2) is onserved.
There are some more important quantities in MHD turbulene. They are listed in Table II. Note that A is the
vetor potential and ω is the vortiity eld. By following the same proedure desribed above, we an show that
E,Hc, and HM are onserved in 3D MHD, while E,Hc and A2 are onserved in 2D MHD [11, 113℄. Note that in 3D
uids, Eu and HK are onserved, while in 2D uids, E
u
and Ω are onserved [101, 102℄.
Magneti heliity is a triky quantity. Beause of the hoie of gauge it an be shown that magneti heliity is not
unique unless Bn = 0 at the boundary. Magneti heliity is onneted with ux tubes, and plays important role in
magneti eld generation. For details refer to Biskamp [11℄.
In addition to the above global quantities, there are innite many onserved quantities. In the following we will
show that the magneti ux dened as
Φ =
∫
B · dS,
where dS is the area enlosed by any losed ontour moving with the plasma, is onserved. Sine innitely many
losed urves are possible in any given volume, we have innitely many onserved quantities. To prove the above
onservation law, we use vetor potential A, whose dynamial evolution is given by
∂
∂t
A = u×B+∇φ,
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Table II: Global Quantities in MHD
Quantity Symbol Denition Conserved in MHD?
Kineti Energy Eu
∫
dxu2/2 No
Magneti Energy EB
∫
dxB2/2 No
Total Energy E
∫
dx(u2 +B2)/2 Yes (2D,3D)
Cross Heliity Hc
∫
dx(u ·B)/2 Yes (2D,3D)
Magneti Heliity HM
∫
dx(A ·B)/2 Yes (3D)
Kineti Heliity HK
∫
dx(u · ω)/2 No
Mean-square Vetor Potential A2
∫
dxA2/2 Yes (2D)
Enstrophy Ω
∫
dxω2/2 No
where φ is the salar potential [113℄. The above equation an be rewritten as
dAi
dt
= uk∂iAk + ∂iφ.
Now we write magneti ux Φ in terms of vetor potential
Φ =
∮
A · dl.
The time derivative of Φ will be
dΦ
dt
=
∮
dAi
dt
dli +Ai
d
dt
dli
=
∮
dφ + dliuk∂iAk + dliAk∂iuk
= 0
Hene, magneti ux over any surfae moving with the plasma is onserved.
The onserved quantities play very important role in turbulene. These aspets will be disussed later in Setions
VII and VIII of this review. Now we turn to the linear solutions of MHD equations.
C. Linearized MHD Equations and their Solutions; MHD Waves
The elds an be separated into their mean and utuating parts: B = B0 + b and ρ = ρ0 + δρ. Here B0 and ρ0
denote the mean, and b and δρ denote the utuating elds. Note that the veloity eld u is purely utuating eld;
its mean an be eliminated by Galilean transformation.
The linearized MHD equations are (f. Eqs. [5, 8, 9℄)
∂u
∂t
− (B0 · ∇)b = − 1
ρ0
∇p−∇B0 · b,
∂b
∂t
− (B0 · ∇)u = −B0∇ · u,
∂δρ
∂t
+∇ · (ρ0u) = 0.
We attempt a plane-wave solution for the above equations:
(u,b,p, δρ) = (u(k),b(k),p(k), ρ(k)) exp (ik · x− iωt) .
Substitutions of these waves in the linearized equations yield
ωu (k) + (B0.k)b (k) =
1
ρ0
kp (k) + k (B0 · b)
ωb (k) + (B0.k)u (k) = B0 (k · u (k))
ωρ (k)− ρ0k · u (k) = 0
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Figure 1: Basis vetors for MHD waves. Compressible waves have omponents along k, while Alfvén waves have omponents
along t1and t2.
Let us solve the above equations in oordinate system (k, t1, t2) shown in Fig. 1. Here t1,2 are transverse to k, with
t1 in B0-k plane, and t2 perpendiular to this plane. The omponents of veloity and magneti eld along t1,2 are
denoted by u
(1)
⊥ , u
(2)
⊥ , b
(1)
⊥ , b
(2)
⊥ , and along k are u|| and b||. The angle between B0 and k is θ. The equations along the
new basis vetors are
ωu|| −
C2s
ω
k2u|| = B0b
(1)
⊥ k sin θ (16)
b|| = 0 (17)
ωu
(1)
⊥ +B0k cos θb
(1)
⊥ = 0 (18)
ωb
(1)
⊥ +B0k cos θu
(1)
⊥ = B0k sin θu|| (19)
ωu
(2)
⊥ +B0k cos θb
(2)
⊥ = 0 (20)
ωb
(2)
⊥ +B0k cos θu
(2)
⊥ = 0 (21)
using Cs =
√
p(k)/ρ(k). Note that b|| = 0, whih also follows from ∇ · b = 0. From the above equations we an infer
the following basi wave modes:
1. Alfvén wave (Inompressible Mode): Here u|| = u
(1)
⊥ = b
(1)
⊥ = 0, and u
(2)
⊥ 6= 0, b(2)⊥ 6= 0, and the relevant
equations are (20, 21). There are two solutions, whih orrespond to waves travelling antiparallel and parallel
to the mean magneti eld with phase veloity ±CA cos θ (CA = B0). For these waves thermal and magneti
pressures are onstants. These waves are also alled shear Alfvén waves.
2. Pseudo Alfvén wave (Inompressible Mode): Here u|| = u
(2)
⊥ = b
(2)
⊥ = 0, and u
(1)
⊥ 6= 0, b(1)⊥ 6= 0, and the relevant
equations are (18, 19). The two solutions orrespond to waves moving antiparallel and parallel to the mean
magneti eld with veloity ±CA cos θ.
3. Compressible Mode (Purely Fluid): Here u
(1)
⊥ = b
(1)
⊥ = u
(2)
⊥ = b
(2)
⊥ = 0, and u|| 6= 0, and the relevant equation
is (16). This is the sound wave in uid arising due to the utuations of thermal pressure only.
4. MHD ompressible Mode: Here u
(2)
⊥ = b
(2)
⊥ = 0, and u
(1)
⊥ 6= 0, b(1)⊥ 6= 0, u|| 6= 0. Clearly, u|| is oupled to b(1)⊥ as
evident from Eqs. (16, 19). Solving Eqs. (16, 18, 19) yields
ω4 − ω2k2 (C2s + C2A)+ C2AC2Sk4 cos2 θ = 0.
Hene, the two ompressible modes move with veloities
V 2ph =
1
2
[(
C2A + C
2
s
)±√(C2A + C2s )2 − 4C2sC2A cos θ
]
. (22)
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The faster between the two is alled fast wave, and the other one is alled slow waves. The pressure variation
for these waves are provided by both thermal and magneti pressure. For details on these waves, refer to Siso
[163℄ and Priest [153℄.
Turbulent ow ontains many interating waves, and the solution annot be written in a simple way. A popular
approah to analyze the turbulent ows is to use statistial tools. We will desribe below the appliation of statistial
methods to turbulene.
D. Neessity for Statistial Theory of Turbulene
In turbulent uid the eld variables are typially random both in spae and time. Hene the exat solutions
given initial and boundary onditions will not be very useful even when they were available (they are not!). However
statistial averages and probability distribution funtions are reproduible in experiments under steady state, and they
shed important light on the dynamis of turbulene. For this reason many researhers study turbulene statistially.
The idea is to use the tools of statistial physis for understanding turbulene. Unfortunately, only systems at
equilibrium or near equilibrium have been understood reasonably well, and a good understanding of nonequilibrium
systems (turbulene being one of them) is still laking.
The statistial desription of turbulent ow starts by dividing the eld variables into mean and utuating parts.
Then we ompute averages of various funtions of utuating elds. There are three types are averages: ensemble,
temporal, and spatial averages. Ensemble averages are omputed by onsidering a large number of idential systems
and taking averages at orresponding instants over all these systems. Clearly, ensemble averaging demands heavily
in experiments and numerial simulations. So, we resort to temporal and/or spatial averaging. Temporal averages
are omputed by measuring the quantity of interest at a point over a long period and then averaging. Temporal
averages make sense for steady ows. Spatial averages are omputed by measuring the quantity of interest at various
spatial points at a given time, and then averaging. Clearly, spatial averages are meaningful for homogeneous systems.
Steady-state turbulent systems are generally assumed to be ergodi, for whih the temporal average is equal to the
ensemble average [61℄.
As disussed above, ertain symmetries like homogeneity help us in statistial desription. Formally, homogeneity
indiates that the average properties do not vary with absolute position in a partiular diretion, but depends only
on the separation between points. For example, a homogeneous two-point orrelation funtion is
〈ui(x, t)uj(x′, t)〉 = Cij(x− x′, t) = Cij(r, t).
Similarly, stationarity or steady-state implies that average properties depend on time dierene, not on the absolute
time. That is,
〈ui(x, t)uj(x, t′)〉 = Cij(x, t− t′).
Another important symmetry is isotropy. A system is said to be isotropi if its average properties are invariant under
rotation. For isotropi systems
〈ui(x, t)uj(x′, t)〉 = Cij(|x− x′| , t) = Cij(|r| , t).
Isotropy redues the number of independent orrelation funtions. Bathelor [8℄ showed that the isotropi two-point
orrelation ould be written as
Cij(r) = C
(1)(r)rirj + C
(2)(r)δij
where C(1) and C(2) are even funtions of r = |r|. Hene we have redued the independent orrelation funtions to
two. For inompressible ows, there is only one independent orrelation funtion [8℄.
In the previous subsetion we studied the global onserved quantities. We revisit those quantities in presene of
mean magneti eld. Note that mean ow veloity an be set to zero beause of Galilean invariane, but the same
trik annot be used for the mean magneti eld. Matthaeus and Goldstein [113℄ showed that the total energy and
ross heliity formed using the utuating elds are onserved. We denote the utuating magneti energy by Eb, in
ontrast to total magneti energy EB. The magneti heliity
∫
a · b/2 is not onserved, but B0· < A > +
∫
a · b/2
instead is onserved.
In turbulent uid, utuations of all sales exist. Therefore, it is quite onvenient to use Fourier basis for the
representation of turbulent uid veloity and magneti eld. Note that in reent times another promising basis alled
wavelet is beoming popular. In this paper we fous our attention on Fourier expansion, whih is the topi of the
next subsetion.
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E. Turbulene Equations in Spetral Spae
Turbulent uid veloity u(x, t) is represented in Fourier spae as
u (x, t) =
∫
dk
(2π)d
u (k, t) exp (ik · x)
u(k, t) =
∫
dxu (x, t) exp (−ik · x)
where d is the spae dimensionality.
In Fourier spae, the equations for inompressible MHD are [14℄(
∂
∂t
− i (B0 · k) + νk2
)
ui(k, t) = −ikiptot (k, t)− ikj
∫
dp
(2π)d
uj(k− p, t)ui(p, t)
+ikj
∫
dp
(2π)d
bj(k − p, t)bi(p, t), (23)(
∂
∂t
− i (B0 · k) + ηk2
)
bi(k, t) = −ikj
∫
dp
(2π)d
uj(k − p, t)bi(p, t)
+ikj
∫
dp
(2π)d
bj(k− p, t)ui(p, t), (24)
with the following onstrains
k · u (k) = 0,
k · b (k) = 0
The substitution of the inompressibility ondition k · u (k) = 0 into Eq. (23) yields the following expression for the
pressure eld
p (k) = −kikj
k2
∫
dp
(2π)d
[uj(k − p, t)ui(p, t)− b(k− p, t)bi(p, t)] .
Note that the density eld has been taken to be a onstant, and has been set equal to 1.
It is also ustomary to write the evolution equations symmetrially in terms of p and k− p variables. The sym-
metrized equations are
(
∂
∂t
− i (B0 · k) + νk2
)
ui(k, t) = − i
2
P+ijm(k)
∫
dp
(2π)d
[uj(p, t)um(k− p, t)
−bj(p, t)bm(k− p, t)], (25)(
∂
∂t
− i (B0 · k) + ηk2
)
bi(k, t) = −iP−ijm(k)
∫
dp
(2π)d
[uj(p, t)bm(k− p, t)], (26)
where
P+ijm(k) = kjPim(k) + kmPij(k);
Pim(k) = δim − kikm
k2
;
P−ijm(k) = kjδim − kmδij .
Alfvén waves are fundamental modes of inompressible MHD. It turns out that the equations beome more trans-
parent when they are written in terms of Elsässer variables z± = u± b, whih represent the amplitudes of Alfvéni
utuations with positive and negative orrelations. Note that no pure wave exist in turbulent medium, but the
interations an be onveniently written in terms of these variables. The MHD equations in terms of z± are(
∂
∂t
∓ i (B0 · k) + ν+k2
)
z±i (k) + ν−k
2z∓i (k) = −iMijm(k)
∫
dpz∓j (p)z
±
m(k− p), (27)
kiz
±
i (k) = 0,
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Table III: Various Spetra of MHD Turbulene
Quantity Symbol Derived from Symbol for 1D
Kineti energy spetrum Cuu (k) 〈ui(k)uj(k
′)〉 Eu(k)
Magneti energy spetrum Cbb(k) 〈bi(k)bj(k
′)〉 Eb (k)
Total energy spetrum C(k) Cuu +Cbb E(k)
Cross heliity spetrum Cub(k) 〈ui(k)bj(k
′)〉 Hc (k)
Elsässer variable spetrum C±±(k)
〈
z±i (k)z
±
j (k
′)
〉
E±(k)
Elsässer variable spetrum C±∓ (k)
〈
z±i (k)z
∓
j (k
′)
〉
ER (k)
Enstrophy spetrum Ω(k) 〈ωi(k)ωj(k
′)〉 Ω(k)
Mean-square vetor pot. spetrum A2(k) 〈ai(k)aj(k
′)〉 A2(k)
where ν± = (ν ± η)/2 and
Mijm(k) = kjPim(k).
From the Eq. (27) it is lear that the interations are between z+ and z− modes.
Energy and other seond-order quantities play important roles in MHD turbulene. For a homogeneous system
these quantities are dened as
〈Xi(k, t)Yj(k′, t)〉 = CXYij (k, t)(2π)dδ(k+ k′),
where X,Y are vetor elds representing u, b, or z±. The spetrum is also related to orrelation funtion in real
spae
CXYij (r) =
∫
dk
(2π)d
CXYij (k) exp (ik · r) .
When mean magneti eld is absent, or its eets are ignored, then we an take CXYij (k) to be an isotropi tensor,
and it an be written as [8℄
CXYij (k) = Pij(k)C
XY (k). (28)
When turbulene is isotropi and X = Y, then a quantity alled 1D spetrum or redued spetrum EX(k) dened
below is very useful.
EX =
1
2
〈
X2
〉
= 12
∫
dk
(2π)d
CXXii (k)∫
EX(k)dk =
1
2
∫
dk
Sdk
d−1
(2π)d
Pii(k)C
XX (k)
=
∫
dk
Sdk
d−1(d− 1)
2(2π)d
CXX (k) ,
where Sd = 2π
d/2/Γ(d/2) is the area of d−dimensional unit sphere. Therefore,
EX(k) = CXX(k)kd−1
Sd(d− 1)
2(2π)d
. (29)
Note that the above formula is valid only for isotropi turbulene. We have tabulated all the important spetra of
MHD turbulene in Table III. The vetor potential A = A0 + a, where A0 is the mean eld, and a is the utuation.
The global quantities dened in Table II are related to the spetra dened in Table III by Pereval's theorem [8℄.
Sine the elds are homogeneous, Fourier integrals are not well dened. In Appendix A we show that energy spetra
dened using orrelation funtions are still meaningful beause orrelation funtions vanish at large distanes. We
onsider energy per unit volume, whih are nite for homogeneous turbulene. As an example, the kineti energy per
unit volume is related to energy spetrum in the following manner:
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1
Ld
∫
dx
1
2
〈
u2
〉
=
1
2
∫
dk
(2π)d
Cii(k) =
∫
Eu(k)dk
Similar identities an be written for other elds.
In three dimensions we have two more important quantities, magneti and kineti heliities. In Fourier spae
magneti heliity HM (k) is dened using
〈ai (k, t) bj (k′, t)〉 = Pij (k)HM (k)(2π)dδ(k+ k′)
The total magneti heliity HM an be written in terms of
HM =
1
2
〈a(x) · b(x)〉
= 12
∫
dk
(2π)d
dk′
(2π)d
〈a(k) · b(k′)〉
=
∫
dk
(2π)d
HM (k)
=
∫
dkHM (k)
Therefore, one dimensional magneti heliity HM is
HM (k) =
4πk2
(2π)3
HM (k).
Using the denition b(k) = ik× a(k), we obtain
〈bi (k, t) bj (k′, t)〉 =
[
Pij (k)C
bb(k)− iǫijlklHM (k)
]
(2π)dδ(k + k′)
The rst term is the usual tensor desribed in Eq. (28), but the seond term involving magneti heliity is new. We
illustrate the seond term with an example. If k is along z axis, then
bx(k)by(k) = −ikHM (k).
This is a irularly polarized eld where bx and by dier by a phase shift of π/2. Note that the magneti heliity
breaks mirror symmetry.
A similar analysis for kineti heliity shows that
〈ui (k, t)Ωj (k′, t)〉 = Pij (k)HK(k)(2π)dδ(k+ k′)
HK =
1
2
〈u ·Ω〉 =
∫
dk
(2π)d
HK(k)
and
〈ui (k, t) uj (k′, t)〉 =
[
Pij (k)C
uu(k) − iǫijlklHM (k)
k2
]
(2π)dδ(k+ k′).
We an Fourier transform time as well using
u (x, t) =
∫
dkˆu (k, ω) exp (ik · x− iωt)
u(k, ω) =
∫
dxdtu (x, t) exp (−ik · x+ iωt)
where dkˆ = dkdω/(2π)d+1. The resulting MHD equations in kˆ = (k, ω) spae are
(−iω + νk2)ui(kˆ) = − i
2
P+ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)um(qˆ)− bj(pˆ)bm(qˆ)] , (30)
(−iω + ηk2) bi(kˆ) = −iP−ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)bm(qˆ)] , (31)
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or,
(−iω ∓ i (B0 · k) + ν+k2) z±i (kˆ) + ν−k2z∓i (kˆ) = −iMijm(k)
∫
dpˆz∓j (pˆ)z
±
m(kˆ − pˆ) (32)
After we have introdued the energy spetra and other seond-order orrelation funtions, we move on to disuss
their evolution.
F. Energy Equations
The energy equation for general (ompressible) Navier-Stokes is quite omplex. However, inompressible Navier-
Stokes and MHD equations are relatively simpler, and are disussed below.
From the evolution equations of elds, we an derive the following spetral evolution equations for inompressible
MHD (
∂
∂t
+ 2νk2
)
Cuu (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
[−ℑ〈(k′ · u(q)) (u(p) · u(k′))〉
+ℑ 〈(k′ · b(q)) (b(p) · u(k′))〉], (33)(
∂
∂t
+ 2ηk2
)
Cbb (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
[−ℑ〈(k′ · u(q)) (b(p) · b(k′))〉
+ℑ 〈(k′ · b(q)) (u(p) · b(k′))〉], (34)
where ℑ stands for the imaginary part. Note that k′ + p+ q = 0 and k′ = −k. In Eq. (33) the rst term in the RHS
provides the energy transfer from the veloity modes to u(k) mode, and the seond term provides the energy transfer
from the magneti modes to u(k) mode. While in Eq. (34) the rst term in the RHS provides the energy transfer
from the magneti modes to b(k) mode, and the seond term provides the energy transfer from the veloity modes to
b(k) mode. Note that pressure ouples with ompressible modes, hene it is absent in the inompressible equations.
Simple algebrai manipulation shows that the mean magneti eld also disappears in the energy equation. In a nite
box, using
〈
|u(k)|2
〉
= C(k)/((d − 1)Ld), and δ(k)(2π)d = Ld (see Appendix A), we an show that
(
∂
∂t
+ 2νk2
)
1
2
〈
|u(k)|2
〉
=
∑
[−ℑ〈(k′ · u(q)) (u(p) · u(k′))〉+ ℑ 〈(k′ · b(q)) (b(p) · u(k′))〉],(
∂
∂t
+ 2νk2
)
1
2
〈
|b(k)|2
〉
=
∑
[−ℑ〈(k′ · u(q)) (b(p) · b(k′))〉+ ℑ 〈(k′ · b(q)) (u(p) · b(k′))〉].
Many important quantities, e.g. energy uxes, an be derived from the energy equations. We will disuss these
quantities in the next setion.
III. MODE-TO-MODE ENERGY TRANSFERS AND FLUXES IN MHD TURBULENCE
In turbulene energy exhange takes plae between various Fourier modes beause of nonlinear interations. Basi
interations in turbulene involves a wavenumber triad (k′,p,q) satisfying k′ + p+ q = 0. Usually, energy gained by
a mode in the triad is omputed using the ombined energy transfer from the other two modes [101℄. Reently Dar et
al. [45℄ devised a new sheme to ompute the energy transfer rate between two modes in a triad, and alled it mode-
to-mode energy transfer . They omputed energy asade rates and energy transfer rates between two wavenumber
shells using this sheme. We will review these ideas in this setion. Note that we are onsidering only the interations
of inompressible modes.
A. Mode-to-Mode Energy Transfer in Fluid Turbulene
In this subsetion we disuss evolution of energy in turbulent uid in a periodi box. The equation for MHD will
be disussed subsequently. We onsider ideal ase where visous dissipation is zero (ν = 0). The equations are given
in Lesieur [101℄
∂
∂t
1
2
|u (k′)|2 =∑k′+p+q=0 −12ℑ [(k′ · u(q)) (u(k′) · u(p)) + (k′ · u(p)) (u(k′) · u(q))] , (35)
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where ℑ denotes the imaginary part. Note that the pressure does not appear in the energy equation beause of the
inompressibility ondition.
Consider a ase in whih only three modes u(k′),u(p),u(q), and their onjugates are nonzero. Then the above
equation yields
∂
∂t
1
2
|u (k′)|2 = 1
2
S(k′|p,q), (36)
where
S(k′|p,q) = −ℑ [(k′ · u(q)) (u(k′) · u(p)) + (k′ · u(p)) (u(k′) · u(q))] . (37)
Lesieur and other researhers physially interpreted S(k′|p,q) as the ombined energy transfer rate from modes p
and q to mode k′. The evolution equations for |u (p)|2 and |u (q)|2 are similar to that for |u (k′)|2. By adding the
energy equations for all three modes, we obtain
∂
∂t
[
|u (k′)|2 + |u (p)|2 + |u (q)|2
]
/2 = S(k′|p,q) + S(p|q,k′) + S(q|k′,p)
= ℑ[(q · u(q)) (u(k′) · u(p))
+ (p · u(p)) (u(k′) · u(q))
+ (k′ · u(k′)) (u(p) · u(q))]
For inompressible uid the right-hand-side is identially zero beause k′ · u(k′) = 0. Hene the energy in eah
interating triad is onserved , i.e.,
|u (k′)|2 + |u (p)|2 + |u (q)|2 = const.
The question is whether we an derive an expression for mode-to-mode energy transfer rates from mode p to mode
k′, and from mode q to mode k′ separately. Dar et al. [45℄ showed that it is meaningful to talk about energy transfer
rate between two modes. They derived an expression for the mode-to-mode energy transfer, and showed it to be
unique apart from an irrelevant arbitrary onstant. They referred to this quantity as mode-to-mode energy transfer.
Even though they talk about mode-to-mode transfer, they are still within the framework of triad interation, i.e., a
triad is still the fundamental entity of interation.
1. Denition of Mode-to-Mode Transfer in a Triad
Consider a triad (k′|p,q). Let the quantity Ruu(k′|p|q) denote the energy transferred from mode p to mode k′
with mode q playing the role of a mediator. We wish to obtain an expression for R.
The R's should satisfy the following relationships :
1. The sum of energy transfer from mode p to mode k′ (Ruu(k′|p|q)), and from mode q to mode k′ (Ruu(k′|p|q))
should be equal to the total energy transferred to mode k′ from modes p and q, i.e., Suu(k′|p,q) [see Eq. (36)℄.
That is,
Ruu(k′|p|q) +Ruu(k′|q|p) = Suu(k′|p,q), (38)
Ruu(p|k′,q) +Ruu(p|q|k′) = Suu(p|k′,q), (39)
Ruu(q|k′|p) +Ruu(q|p|k′) = Suu(q|k′,p). (40)
2. By denition, the energy transferred from mode p to mode k′, Ruu(k′|p|q), will be equal and opposite to the
energy transferred from mode k′ to mode p, Ruu(p|k′|q). Thus,
Ruu(k′|p|q) +Ruu(p|k′|q) = 0, (41)
Ruu(k′|q|p) +Ruu(q|k′|p) = 0, (42)
Ruu(p|q|k′) +Ruu(q|p|k′) = 0. (43)
These are six equations with six unknowns. However, the value of the determinant formed from the Eqs. (38-43) is
zero. Therefore we annot nd unique R's given just these equations. In the following disussion we will study the
set of solutions of the above equations.
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2. Solutions of equations of mode-to-mode transfer
Consider a funtion
Suu(k′|p|q) = −ℑ ([k′ · u(q)] [u(k′) · u(q)]) (44)
Note that Suu(k′|p|q) is altogether dierent funtion ompared to S(k′|p,q). In the expression for Suu(k′|p|q), the
eld variables with the rst and seond arguments are dotted together, while the eld variable with the third argument
is dotted with the rst argument.
It is very easy to hek that Suu(k′|p|q) satisfy the Eqs. (38-43). Note that Suu(k′|p|q) satisfy the Eqs. (41-43)
beause of inompressibility ondition. The above results implies that the set of Suu(||)'s is one instane of the
Ruu(||)'s. However, Suu(k′|p|q) is not a unique solution. If another solution Ruu(k′|p|q) diers from S(k′|p|q) by an
arbitrary funtion X∆, i.e., R
uu(k′|p|q) = Suu(k′|p|q) +X∆, then by inspetion we an easily see that the solution
of Eqs. (38-43) must be of the form
Ruu(k′|p|q) = Suu(k′|p|q) +X∆ (45)
Ruu(k′|q|p) = Suu(k′|q|p)−X∆ (46)
Ruu(p|k′|q) = Suu(p|k′|q)−X∆ (47)
Ruu(p|q|k′) = S(p|q|k′) +X∆ (48)
Ruu(q|k′|p) = S(q|k′|p) +X∆ (49)
Ruu(q|p|k′) = S(q|p|k′)−X∆ (50)
Hene, the solution diers from Suu(k′|p|q) by a onstant. See Fig. 2 for illustration. A areful observation of the
gure indiates that the quantity X∆ ows along p → k′ → q → p, irulating around the entire triad without
hanging the energy of any of the modes. Therefore we will all it the Cirulating transfer. Of the total energy
transfer between two modes, Suu +X∆, only S
uu
an bring about a hange in modal energy. X∆ transferred from
mode p to mode k′ is transferred bak to mode p via mode q. Thus the energy that is eetively transferred from
mode p to mode k′ is just Suu(k′|p|q). Therefore Suu(k′|p|q) an be termed as the eetive mode-to-mode energy
transfer from mode p to mode k′.
Note that X∆ an be a funtion of wavenumbers k
′,p,q, and the Fourier omponents u(k′),u(p),u(q). It may be
possible to determine X∆ using onstraints based on invariane, symmetries, et. Dar et al. [44℄ attempted to obtain
X∆ using this approah, but ould show that X∆ is zero to linear order in the expansion. However, a general solution
for X∆ ould not be found. Unfortunately, X∆ annot be alulated even by simulation or experiment, beause we
an experimentally ompute only the energy transfer rate to a mode, whih is a sum of two mode-to-mode energy
transfers. The mode-to-mode energy transfer rate is really an abstrat quantity, somewhat similar to gauges in
eletrodynamis.
The terms uj∂jui and uiuj∂jui are nonlinear terms in the Navier-Stokes equation and the energy equation respe-
tively. When we look at the formula (44) arefully, we nd that the uj(q) term is ontrated with kj in the formula.
Hene, uj eld is the mediator in the energy exhange between rst (ui) and third eld (ui) of uiuj∂jui.
In this following disussion we will ompute the energy uxes and the shell-to-shell energy transfer rates using
Suu(k′|p|q).
B. Shell-to-Shell Energy Transfer in Fluid Turbulene Using Mode-to-mode Formalism
In turbulene energy transfer takes plae from one region of the wavenumber spae to another region. Domaradzki
and Rogallo [49℄ have disussed the energy transfer between two shells using the ombined energy transfer Suu(k'|p,q).
They interpret the quantity
T uunm =
1
2
∑
k′∈n
∑
p∈m
Suu(k′|p,q). (51)
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Figure 2: Mode-to-mode energy transfer in uid turbulene. Suu(k'|p|q) represents energy transfer rate from mode u(p) to
mode u(k′) with the mediation of mode u(q). X∆ is the arbitrary irulating transfer.
as the rate of energy transfer from shell m to shell n . Note that k′-sum is over shell n, p-sum over shell m, and
k′ + p+ q = 0. However, Domaradzki and Rogallo [49℄ themselves points out that it may not be entirely orret to
interpret the formula (51) as the shell-to-shell energy transfer. The reason for this is as follows.
In the energy transfer between two shells m and n, two types of wavenumber triads are involved, as shown in Fig.
3. The real energy transfer from the shell m to the shell n takes plae through both k′-p and k′-q legs of triad I, but
only through k′-p leg of triad II. But in Eq. (51) summation erroneously inludes k′-q leg of triad II also along with
the three legs given above. Hene Domaradzki and Ragallo's formalism [49℄ do not yield totally orret shell-to-shell
energy transfers, as was pointed out by Domaradzki and Rogallo themselves. We will show below how Dar et al.'s
formalism [45℄ overomes this diulty.
By denition of the the mode-to-mode transfer funtion Ruu(k′|p|q), the energy transfer from shell m to shell n
an be dened as
T uunm =
∑
k′∈n
∑
p∈m
Ruu(k′|p|q) (52)
where the k′-sum is over the shell n, and p-sum is over the shell m. The quantity Ruu an be written as a sum of an
eetive transfer Suu(k′|p|q) and a irulating transfer X∆. As disussed in the last setion, the irulating transfer
X∆ does not ontribute to the energy hange of modes. From Figs. 2 and 3 we an see that X∆ ows from the shell
m to the shell n and then ows bak to m indiretly through the mode q. Therefore the eetive energy transfer
from the shell m to the shell n is just Suu(k′|p|q) summed over all the k′-modes in the shell n and all the p-modes
in the shell m, i.e.,
T uunm =
∑
k′∈n
∑
p∈m
Suu(k′|p|q). (53)
Clearly, the energy transfer through k′ − q of the triad II of Fig. 3 is not present in T uunm In Dar et al.'s formalism
beause q /∈ m. Hene, the formalism of the mode-to-mode energy transfer rates provides us a orret and onvenient
method to ompute the shell-to-shell energy transfer rates in uid turbulene.
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Figure 3: Shell-to-shell energy transfer from wavenumber-shell m to wavenumber-shell n. The triads involved in this proess
fall in two ategories: Type I, where both p and q are inside shell m, and Type II, where only p is inside shell m.
C. Energy Casade Rates in Fluid Turbulene Using Mode-to-mode Formalism
The kineti energy asade rate (or ux) Π in uid turbulene is dened as the rate of loss of kineti energy by
the modes inside a sphere to the modes outside the sphere. Let k0 be the radius of the sphere under onsideration.
Kraihnan [84℄, Leslie [102℄, and others have omputed the energy ux in uid turbulene using Suu(k′|p|q)
Π(k0) = −
∑
|k|<k0
∑
|p|>k0
1
2
Suu(k′|p|q). (54)
Although the energy asade rate in uid turbulene an be found by the above formula, the mode-to-mode approah
of Dar et al. [45℄ provides a more natural way of looking at the energy ux. Sine Ruu(k′|p|q) represents energy
transfer from p to k′ with q as a mediator, we may alternatively write the energy ux as
Π(k0) =
∑
|k′|>k0
∑
|p|<k0
Ruu(k′|p|q). (55)
However, Ruu(k′|p|q) = Suu(k′|p|q) +X∆, and the irulating transfer X∆ makes no ontribution to the the energy
ux from the sphere beause the energy lost from the sphere through X∆ returns to the sphere. Hene,
Π(k0) =
∑
|k′|>k0
∑
|p|<k0
Suu(k′|p|q). (56)
Both the formulas given above, Eqs. (54) and (56), are equivalent as shown by Dar et al. [44℄.
Frish [61℄ has derived a formula for energy ux as
Π(k0) =
〈
u<k0 ·
(
u<k0 · ∇u>k0
)〉
+
〈
u<k0 ·
(
u>k0 · ∇u>k0
)〉
.
It is easy to see that the above formula is onsistent with mode-to-mode formalism. As disussed in the Subsetion
IIIA 2, the seond eld of both the terms are mediators in the energy transfer. Hene in mode-to-mode formalism,
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the above formula will translate to
Π(k0) =
∑
k>k0
∑
p<k0
−ℑ [(k′ · u<(q)) (u<(p) · u>(k′))+ (k′ · u>(q)) (u<(p) · u>(k′))] ,
whih is same as mode-to-mode formula (56) of Dar et al. [45℄.
After disussion on energy transfers in uid turbulene, we move on to MHD turbulene.
D. Mode-to-Mode Energy Transfer in MHD Turbulene
In Fourier spae, the kineti energy and magneti energy evolution equations are [167℄
∂Eu(k)
∂t
+ 2νk2Eu(k) =
∑
k′+p+q=0
1
2
Suu(k′|p,q) +
∑
k′+p+q=0
1
2
Sub(k′|p,q), (57)
∂Eb(k)
∂t
+ 2µk2Eb(k) =
∑
k′+p+q=0
1
2
Sbb(k′|p,q) +
∑
k′+p+q=0
1
2
Sbu(k′|p,q), (58)
where Eu(k) = |u(k)|2/2 is the kineti energy, and Eb(k) = |b(k)|2/2 is the magneti energy. The four nonlinear
terms Suu(k′|p,q), Sub(k′|p,q), Sbb(k′|p,q) and Sbu(k′|p,q) are
Suu(k′|p,q) = −ℑ ([k′.u(q)] [u(k′).u(p)] + [k′.u(p)] [u(k′).u(q)]) , (59)
Sbb(k′|p,q) = −ℑ ([k′.u(q)] [b(k′).b(p)] + [k′.u(p)] [b(k′).b(q)]) , (60)
Sub(k′|p,q) = ℑ ([k′.b(q)] [u(k′).b(p)] + [k′.b(p)] [u(k′).b(q)]) , (61)
Sbu(k′|p,q) = ℑ ([k′.b(q)] [b(k′).u(p)] + [k′.b(p)] [b(k′).u(q)]) . (62)
These terms are onventionally taken to represent the nonlinear transfer from modes p and q to mode k′ of a triad
[101, 167℄. The term Suu(k′|p,q) represents the net transfer of kineti energy from modes p and q to mode k′.
Likewise the term Sub(k′|p,q) is the net magneti energy transferred from modes p and q to the kineti energy in
mode k′, whereas Sbu(k′|p,q) is the net kineti energy transferred from modes p and q to the magneti energy in
mode k′. The term Sbb(k′|p,q) represents the transfer of magneti energy from modes p and q to mode k′.
Stanisi¢ [167℄ showed that the nonlinear terms satisfy the following detailed onservation properties:
Suu(k′|p,q) + Suu(p|k′,q) + Suu(q|k′,p) = 0, (63)
Sbb(k′|p,q) + Sbb(p|k′,q) + Sbb(q|k′,p) = 0, (64)
and
Sub(k′|p,q) + Sub(p|k′,q) + Sub(q|k′,p) + Sbu(k′|p,q) + Sbu(p|k′,q) + Sbu(q|k′,p) = 0. (65)
The Eqs. (63, 64) implies that kineti/magneti energy are transferred onservatively between the veloity/magneti
modes of a wavenumber triad. The Eq. (65) implies that the ross-transfers of kineti and magneti energy,
Sub(k′|p,q) and Sbu(k′|p,q), within a triad are also energy onserving.
Dar et al. [44, 45℄ provided an alternative formalism alled mode-to-mode energy transfer for MHD turbu-
lene. This is a generalization uid's mode-to-mode formalism desribed in the previous subsetion. We on-
sider ideal MHD uid (ν = η = 0). The basi unit of nonlinear interation in MHD is a triad involving modes
u(k′),u(p),u(q),b(k′),b(p),b(q) with k′ + p+ q = 0, and the mode-to-mode energy transfer is from veloity to
veloity, from magneti to magneti, from veloity to magneti, and from magneti to veloity mode. We will disuss
these transfers below.
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Figure 4: Mode-to-mode energy transfers in MHD turbulene. Sbb(k′|p|q) represents energy transfer rate from mode b(p) to
mode b(k′) with the mediation of mode u(q), while Sub(q|k′|p) represents energy transfer rate from mode b(k′) to mode u(q)
with the mediation of mode b(p).
1. Veloity mode to veloity mode energy transfer
In Setion IIIA we disussed the mode-to-mode transfer, Ruu, between veloity modes in uid ows. In this setion
we will nd Ruu for MHD ows. Let Ruu(k′|p|q) be the energy transfer rate from the mode u(p) to the mode u(k′)
in mediation of the mode u(q). The transfer of kineti energy between the veloity modes is brought about by the
term u ·∇u, both in the Navier-Stokes and MHD equations. Therefore, the expression for the ombined kineti energy
transfer in MHD will be same as that in uid. Consequently, Ruu for MHD will satisfy the onstraints given in Eqs.
(38-43). As a result, Ruu(k′|p|q) in MHD an be expressed as a sum of a irulating transfer X∆ and the eetive
transfer Suu(k′|p|q) given by Eq. (44), i.e.,
Ruu(k′|p|q) = Suu(k′|p|q) +X∆ (66)
As disussed in Subsetion IIIA, the irulating transfer X∆ is irrelevant for the energy ux or the shell-to-shell
energy transfer. Therefore, we we use Suu(k′|p|q) as the energy transfer rate from the mode u(p) to the mode u(k′)
with the mediation of the mode u(q). Suu(k′|p|q) and other transfers in MHD turbulene are shown in Fig. 4.
2. Magneti mode to Magneti mode energy transfers
Now we onsider the magneti energy transfer Rbb(k′|p|q) from b(p) to b(k′) in the triad (k′,p,q) (see Fig. 4).
This transfer is due to the term u · ∇b of indution equation (Eq. [13℄). The funtion Rbb(k′|p|q) should satisfy the
same relationships as (38-43) with Ruu and Suu replaed by Rbb and Sbb respetively. The solution of Ruu's are not
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unique. Following arguments of Subsetion IIIA we an show that
Rbb(k′|p|q) = Sbb(k′|p|q) + Y∆ (67)
where
Sbb(k′|p|q) = −ℑ ([k′ · u(q)] [b(k′) · b(p)]) , (68)
and Y∆ is the irulating energy transfer that is transferred from b(p) → b(k′) → b(q) and bak to b(p). Y∆ does
not ause any hange in modal energy. Hene, the magneti energy eetively transferred from b(p) to b(k′) is just
Sbb(k′|p|q), i.e.,
Rbbeff (k
′|p|q) = Sbb(k′|p|q). (69)
3. Energy Transfer Between a Veloity Mode to a Magneti mode
We now onsider the energy transfer Rub(k′|p|q) (from b(p) to u(k′)) and Rbu(k′|p|q) (from u(p) to b(k′)) as
illustrated in Fig. 4. These funtions satisfy properties similar to Eqs. (38-43). For example, for energies oming to
u(k′), we have
Rub(k′|p|q) +Rub(k′|q|p) = Sub(k′|p,q), (70)
Rub(k′|p|q) +Rbu(p|k′|q) = 0. (71)
The solutions of these equations are not unique. Using arguments similar to those in Subsetion IIIA, we an show
that the general solution of R′s are
Sbu(k′|p|q) = Sbu(k′|p|q) + Z∆, (72)
Sub(k′|q|p) = Sub(k′|q|p)− Z∆, (73)
where
Sbu(k′|p|q) = ℑ ([k′ · b(q)] [b(k′) · u(p)]) , (74)
Sub(k′|p|q) = ℑ ([k′ · b(q)] [u(k′) · b(p)]) , (75)
and Z∆ is the irulating transfer, transferring energy from u(p)→ b(k′)→ u(q)→ b(p)→ u(k′)→ b(q) and bak
to u(p) without resulting in any hange in modal energy. See Fig. 4 for illustration. Sine the irulating transfer
does not aet the net energy transfer, we interpret Sbu and Sub as the eetive mode-to-mode energy transfer rates.
For example, Sbu(k′|p|q) is the eetive energy transfer rate from u(p) to b(k′) with the mediation of b(q), i.e,
Rbueff (k
′|p|q) = Sbu(k′|p|q). (76)
To summarize, the energy evolution equations for a triad (k,p,q) are
∂
∂t
1
2
|u (k′)|2 = Suu(k′|p|q) + Suu(k′|q|p) + Sub(k′|p|q)+Sub(k′|q|p) (77)
∂
∂t
1
2
|b (k′)|2 = Sbb(k′|p|q) + Sbb(k′|q|p) + Sbu(k′|p|q)+Sbu(k′|q|p) (78)
As disussed above SYX(k′|p|q) (X,Y = u or b) is the mode-to-mode energy transfer rate from mode p of eld X to
mode k′ of eld Y with mode q ating as a mediator. These transfers have been shematially shown in Fig. 4.
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The triads interations an are also be written in terms of Elsässer variables. Here the partiipating modes are
z±(k′), z±(p) and z±(q). The energy equations for these modes are
∂
∂t
1
2
∣∣z± (k′)∣∣2 = S±(k′|p|q) + S±(k′|q|p), (79)
where
S±(k′|p|q) = −ℑ ([k′ · z∓(q)] [z±(k′) · z±(p)]) . (80)
From Eq. (80) we dedue that the z+ modes transfer energy only to z+ modes, and z− modes transfer energy only to
z− modes. This is in spite of the fat that nonlinear interation involves both z+ and z− modes. These dedutions
beame possible only beause of mode-to-mode energy transfers proposed by Dar et al.
The evolution equation of magneti heliity in a triad interation is given by
∂
∂t
HM (k) =
1
2
[
b∗(k) · ∂a(k)
∂t
+ a∗(k) · ∂b(k)
∂t
]
(81)
= SHM (k′|p|q) + SHM (k′|q|p), (82)
where
SHM (k′|p|q) = 1
4
ℜ [b(k′) · (u(p)× b(q))]
+
1
4
ℑ [(k′ · b(q)) (a(k′) · u(p))− (k′ · u(q)) (a(k′) · b(p))] (83)
In ideal MHD, the funtions SYX(k′|p|q) and energy funtions have the following interesting properties:
1. Energy transfer rate from X(p) to Y(k′) is equal and opposite to that from Y(k′) to X(p), i. e.,
SYX(k′|p|q) = −SXY (p|k′|q).
2. Sum of all energy transfer rates along u-u, b-b, z+-z+, and z−-z− hannels are zero, i.e.,
SXX(k′|p|q) + SXX(k′|q|p) + SXX(p|k′|q)
+SXX(p|q|k′) + SXX(q|k′|p) + SXX(q|p|k′) = 0,
where X ould be a vetor eld (u,b, z+, z−).
3. Sum of all energy transfer rates along u-b hannel is zero, i.e.,
Sbu(k′|p|q) + Sbu(k′|q|p) + Sbu(p|k′|q) + Sbu(p|q|k′) + Sbu(q|k′|p) + Sbu(q|p|k′)
+Sub(k′|p|q) + Sub(k′|q|p) + Sub(p|k′|q) + Sub(p|q|k′) + Sub(q|k′|p) + Sub(q|p|k′) = 0.
4. Using the above identities we an show that total energy in a triad interation is onserved, i. e.,
Eu(k′) + Eu(p) + Eu(q) + Eb(k′) + Eb(p) + Eb(q) = const.
Kineti energy and magneti energies are not onserved individually.
5. Sum of all E+ energies of in a triad are onserved. Similarly, sum of all E− energies are onserved, i. e.,
E±(k′) + E±(p) + E±(q) = const.
Sine ross heliity Hc = (E
+ − E−)/4, we nd the ross heliity is also onserved in a triad interation.
6. Sum of transfer rates of magneti heliity in a triad is zero, i. e.,
SHM (k′|p|q) + SHM (k′|q|p) + SHM (p|k′|q)
+SHM (k′|p|q) + SHM (k′|q|p) + SHM (p|k′|q) = 0.
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7. Sum of HM in a triad is onserved, i.e.,
HM (k
′) +HM(p) +HM (q) = const.
8. In inompressible ows, ikp(k) is perpendiular to both the transverse omponents (transverse to k), and it
does not ouple with them. That is why pressure is absent in the energy transfer formulas for inompressible
ows. Pressure does not isotropize energy in the transverse diretion, ontrary to Orszag's onjeture [140℄. In
ompressive ows pressure ouples with the ompressive omponent of veloity eld and internal energy.
9. Mean magneti eld only onvets the waves; it does not partiipate in energy exhange. Hene, it is absent in
the energy transfer formulas.
In the above subsetions we derived formulas for mode-to-mode energy transfer rates in MHD turbulene. In the next
subsetions, we will use these formulas to dene (a) shell-to-shell transfers and (b) asade rates in MHD turbulene.
E. Shell-to-Shell Energy Transfer Rates in MHD Turbulene
Using the denition of the mode-to-mode energy transfer funtion SYX(k′|p|q), the energy transfer rate from m-th
shell of eld X to n-th shell of eld Y is
T YXnm =
∑
k′∈n
∑
p∈m
SYX(k′|p|q). (84)
The p-sum is over m-th shell, and the k′-sum is over n-th shell. As disussed in Subsetion III B, the irulating
transfer rates X∆, Y∆, and Z∆ do not appear in the expressions for shell-to-shell energy transfer rates. Also, as
disussed in Setion III B, shell-to-shell energy transfer an be reliably omputed only by mode-to-mode transfer
S(k′|p|q).
The numerial and analytial omputation of shell-to-shell energy transfer rates will be disussed in the later part
of the paper.
F. Energy Casade Rates in MHD Turbulene
The energy asade rate (or ux) is dened as the rate of loss of energy from a sphere in the wavenumber spae
to the modes outside the sphere. There are various types of asade rates in MHD turbulene. We have shown them
shematially in Fig. 5. For ux studies, we split the wavenumber spae into two regions: k < k0 (inside k0 sphere)
and k > k0 (outside k0 sphere). The energy transfer ould take plae from the inside/outside of the u/b-sphere to
the inside/outside of the u/b-sphere. In terms of SYX(k′|p|q) the energy transfer rate from region A of X eld to
region B of Y eld is
ΠX,AY,B =
∑
k′∈B
∑
p∈A
SYX(k′|p|q). (85)
For example, energy ux from u-sphere of radius k0 to b-sphere of the same radius is
Πu<b< (k0) =
∑
|k′|<k0
∑
|p|<k0
Sbu(k′|p|q).
In this paper we denote inside of a sphere by < sign and outside of a sphere by > sign. Note that the energy ux
is independent of irulatory energy transfer. The total energy ux is dened as the total energy (kineti+magneti)
lost by the k0-sphere to the modes outside of the sphere, i. e.,
Πtot(k0) = Π
u<
u>(k0) + Π
u<
b> (k0) + Π
b<
b>(k0) + Π
b<
u>(k0).
Using arguments of Subsetion III B, it an be easily seen that the uxes Πu<u>(k0),Π
u<
b> (k0),Π
b<
b>(k0),Π
b<
u>(k0) an
all be omputed using the ombined energy transfer S(k′|p|q), and mode-to-mode energy transfer S(k′|p|q). However,
Πu<b< (k0) and Π
u>
b> (k0) an be omputed only using S(k
′|p|q), not by S(k′|p,q).
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Figure 5: Various energy uxes in MHD turbulene. ΠX<Y > represents energy ux from the inside of X-sphere to the outside of
Y -sphere.
Figure 6: Energy ux Π+(Π−) from inside the z+−sphere (z−−sphere) to outside of z+-sphere (z−-sphere).
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We also dene the energy ux Π+(Π−) from inside the z+-sphere (z−-sphere) to outside of z+-sphere (z−-sphere)
Π±(k0) =
∑
|k′|>k0
∑
|p|<k0
S±(k′|p|q).
as shown in Fig. 6. Note that there is no ross transfer between z+-sphere and z−-sphere.
The energy uxes have been omputed analytially and numerially by researhers. These results will be desribed
in later part of the paper.
G. Digression to Innite Box
In the above disussion we assumed that the uid is ontained in a nite volume. In simulations, box size is typially
taken to 2π. However, most analyti alulations assume innite box. It is quite easy to transform the equations
given above to those for innite box using the method desribed in Appendix. Here, the evolution of energy spetrum
is given by (see Setion II)(
∂
∂t
+ 2νk2
)
Cuu (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d[
Suu(k′|p|q) + Sub(k′|p|q)] (86)(
∂
∂t
+ 2ηk2
)
Cbb (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d[
Sbu(k′|p|q) + Sbb(k′|p|q)] (87)
The shell-to-shell energy transfer rate T YXnm from the m-th shell of eld X to the n-th shell of eld Y is
T YXnm =
1
(2π)dδ(k′ + p+ q)
∫
k′∈n
dk′
(2π)d
∫
p∈m
dp
(2π)d
〈
SYX(k′|p|q)〉 , (88)
In terms of Fourier transform, the energy asade rate from region A of eld X to region B of eld Y is
ΠX,AY,B =
1
(2π)dδ(k′ + p+ q)
∫
B
dk′
(2π)d
∫
A
dp
(2π)d
〈
SYX(k′|p|q)〉 . (89)
In z± variables, the energy evolution equations are(
∂
∂t
+ 2ν+k
2
)
C±± (k, t) + 2ν+k
2C±∓ (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
S±(k′|p|q),
and the energy uxes Π±(k0) oming out of a wavenumber sphere of radius k0 is
Π±(k0) =
1
(2π)dδ(k′ + p+ q)
∫
|k′|>k0
dk′
(2π)d
∫
|p|<k0
dp
(2π)d
〈
S±±(k′|p|q)〉 . (90)
For isotropi ows, after some manipulation and using Eq. (29), we obtain [101℄(
∂
∂t
+ 2νk2
)
Eu,b,±(k, t) = T u,b,±(k, t), (91)
where T (k, t), alled transfer funtion, an be written in terms of SY X(k′|p|q). The above formulas will be used in
analyti alulations.
The mode-to-mode formalism disussed here is quite general, and it an be applied to salar turbulene [183℄,
Rayleigh-Benard onvetion, enstrophy, Eletron MHD et. One key assumption however is inompressibility. With
this remark we lose our formal disussion on energy transfers in MHD turbulene. In the next setion we will disuss
various turbulene phenomenologies and models of MHD turbulene.
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IV. MHD TURBULENCE PHENOMENOLOGICAL MODELS
In the last two setions we introdued Navier-Stokes and MHD equations, and spetral quantities like the energy
spetra and uxes. These quantities will be analyzed in most part of this paper using (a) phenomenologial (b)
numerial () analytial (d) observational or experimental methods. In the present setion we will present some of
the existing phenomenologial models of MHD turbulene.
Many MHD turbulene models are motivated by uid turbulene models. Therefore, we present a brief review
of uid turbulene models before going to MHD turbulene. The most notable theory in uid turbulene is due to
Kolmogorov, whih will be presented below.
A. Kolmogorov's 1941 Theory for Fluid Turbulene
For homogeneous, isotropi, inompressible, and steady uid turbulene with vanishing visosity (large Re), Kol-
mogorov [8082, 97℄ derived an exat relation that
〈
(△u)3‖
〉
= −4
5
ǫl (92)
where (△u)|| is omponent of u(x + l) − u(x) along l, ǫ is the dissipation rate, and l lies between foring sale (L)
and dissipative sales (ld), i.e., ld ≪ l ≪ L. This intermediate range of sales is alled inertial range. Note that the
above relationship is universal, whih holds independent of foring and dissipative mehanisms, properties of uid
(visosity), and initial onditions. Therefore it nds appliations in wide spetrum of phenomena, e. g., atmosphere,
oean, hannels, pipes, and astrophysial objets like stars, aretion disks et.
More popular than Eq. (92) is its equivalent statement on energy spetrum. If we assume △u to be fratal, and ǫ
to be independent of sale, then 〈
(△u)2
〉
∝ ǫ2/3l2/3
Fourier transform of the above equation yields
E(k) = KKoǫ
2/3k−5/3 (93)
where KKo is a universal onstant, ommonly known as Kolmogorov's onstant.
Kolmogorov's derivation of Eq. (92) is quite involved. However, Eqs. (92, 93) an be derived using saling arguments
(dimensional analysis) under the assumption that
1. The energy spetrum in the inertial range does not depend on the large-saling foring proesses and the small-
sale dissipative proesses, hene it must be a power law in the loal wavenumber.
2. The energy transfer in uid turbulene is loal in the wavenumber spae. The energy supplied to the uid at
the foring sale asades to smaller sales, and so on. Under steady-state the energy asade rate is onstant
in the wavenumber spae, i. e., Π(k) = constant = ǫ.
Eq. (93) has been supported by numerous experiments and numerial simulations. Kolmogorov's onstant KKo has
been found to lie between 1.4-1.6 or so. It is quite amazing that omplex interations among uid eddies in various
dierent situations an be quite well approximated by Eq. (93).
In the framework of Kolmogorov's theory, several interesting dedutions an be made.
1. Kolmogorov's theory assumes homogeneity and isotropy. In real ows, large-sales (foring) as well as dissipative
sales do not satisfy these properties. However, experiments and numerial simulations show that in the inertial
range (ld ≪ l≪ L), the uid ows are typially homogeneous and isotropi.
2. The veloity utuations at any sale l goes as
ul ≈ ǫ1/3l1/3.
Therefore, the eetive time-sale for the interation among eddies of size l is
τl ≈ l
ul
≈ ǫ−1/3l2/3.
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3. An extrapolation of Kolmogorov's saling to the foring and the dissipative sales yields
ǫ ≈ u
3
L
L
≈ u
3
ld
ld
.
Taking ν ≈ uld ld, one gets
ld ≈
(
ν3
ǫ
)1/4
.
Note that the dissipation sale, also known as Kolmogorov's sale, depends on the large-sale quantity ǫ apart
from kinemati visosity.
4. From the denition of Reynolds number
Re =
ULL
ν
≈ ULL
uld ld
≈
(
L
ld
)4/3
Therefore,
L
ld
≈ Re3/4.
Onset of turbulene depends on geometry, initial onditions, noise et. Still, in most experiments turbulenes
sets in after Re of 2000 or more. Therefore, in three dimensions, number of ative modes (L/ld)
3
is larger than
26 million. These large number of modes make the problem quite omplex and intratable.
5. Spae dimension does not appear in the saling arguments. Hene, one may expet Kolmogorov's saling to hold
in all dimensions. It is however found that the above saling law is appliable in three dimension only. In two
dimension (2D), onservation of enstrophy hanges the behaviour signiantly (see Appendix D). The solution
for one-dimensional inompressible Navier-Stokes is u(x, t) = const, whih is a trivial solution.
6. Mode-to-mode energy transfer term S(k|p|q) measures the strength of nonlinear interation. Kolmogorov's
theory impliitly assumes that energy asades from larger to smaller sales. It is alled loal energy transfer in
Fourier spae. These issues will be disussed in Setion VIII and Appendix D.
7. Careful experiments show that the spetral index is lose to 1.71 instead of 1.67. This orretion of ≈ 0.04
is universal and is due to the small-sale strutures. This phenomena is known as intermitteny, and will be
disussed in Setion XI.
8. Kolmogorov's model for turbulene works only for inompressible ow. It is onneted to the fat that inom-
pressible ow has loal energy transfer in wavenumber spae. Note that Burgers equation, whih represents
ompressible ow (U ≫ Cs), has k−2 energy spetrum, very dierent from Kolmogorov's spetrum.
Kolmogorov's theory of turbulene had a major impat on turbulene researh beause of its universality. Properties
of salar, MHD, Burgers, Eletron MHD, wave turbulene have been studied using similar arguments. In the next
subsetion we will investigate the properties of MHD ows.
B. MHD Turbulene Models for Energy Spetra and Fluxes
Alfvén waves are the basi modes of inompressible MHD equations. In absene of the nonlinear term (z∓ · ▽)z±,
z
±
are the two independent modes travelling antiparallel and parallel to the mean magneti eld. However, when
the nonlinear term is present, new modes are generated, and they interat with eah other, resulting in a turbulent
behaviour. In the following we will disuss various phenomenologies of MHD turbulene.
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1. Kraihnan , Iroshnikov, and Dobrowolny et al.'s (KID) Phenomenology - E(k) ∝ k−3/2
In the mid-sixties, Kraihnan [85℄ and Iroshnikov [77℄ gave the rst phenomenologial theory of MHD turbulene.
For MHD plasma with mean magneti eld B0, Kraihnan and Iroshnikov argued that loalized z
+
and z− modes
travel in apposite diretions with phase veloity of B0. When the mean magneti eld B0 is muh stronger than the
utuations (B0 ≫ uk), the utuations (oppositely moving waves) will interat weakly. They suggested that Alfvén
time-sale τA(k) = (B0k)
−1
is the eetive time-sale for the relaxation of the loally built-up phase orrelations,
thereby onluding that triple orrelation and the energy ux Π will be proportional to (B0k)
−1
. Note that (B0k)
−1 ≪
(ukk)
−1
. Using dimensional arguments they onluded
Π = A2τA(k)
(
Eb(k)
)2
k4 = A2B−10
(
Eb(k)
)2
k3 (94)
or
Eb(k) = A (ΠB0)
1/2
k−3/2, (95)
where A is a nondimensional onstant of order 1.
The above approximation yields weak turbulene. In absene of any B0, the magneti eld of the large eddies was
assumed to play the role of B0. Kraihnan [85℄ and Iroshnikov [77℄ also argued that the Alfvén waves are not strongly
aeted by the weak interation among themselves, hene kineti and magneti energy remain equipartitioned. This
phenomenon is alled Alfvén eet. Note that Kraihnan's spetral index is 3/2 as ompared to Kolmogorov's index
of 5/3.
In 1980 Dobrowolny et al. [48℄ derived Kraihnan's 3/2 spetrum based on random interations of z+ and z− modes.
Dobrowolny et al.'s argument is however more general, and provide us energy spetrum even when uk is omparable
to B0. They assumed that the interation between the utuations are loal in wavenumber spae, and that in one
interation, the eddies z±k interat with the other eddies of similar sizes for time interval τ
±
k . Then from Eq. (27),
the variation in the amplitudes of these eddies, δz±k , during this interval is given by
δz±k ≈ τ±k z+k z−k k. (96)
InN suh interations, beause of their stohasti nature, the amplitude variation will be∆z±k ≈
√
N(δz±k ). Therefore,
the number of interations N±k required to obtain a variation equal to its initial amplitude z
±
k is
N±k ≈
1
k2
(
z∓k
)2 (
τ±k
)2 (97)
and the orresponding time T±k = Nkτ
±
k is
T±k ≈
1
k2
(
z∓k
)2
τ±k
. (98)
The time sale of the energy transfer at wavenumber k is assumed to be T±k . Therefore, the uxes Π
±
of the
utuations z±k an be estimated to be
Π± ≈
(
z∓k
)2
T±k
≈ τ±k
(
z±k
)2 (
z∓k
)2
k2. (99)
By hoosing dierent interation time-sales, one an obtain dierent energy spetra. Using the same argument as
Kraihnan [85℄, Dobrowolny et al. [48℄ hose Alfvén time sale τA = (kB0)
−1
as the relevant time-sale, and found
that
Π+ ≈ Π− ≈ 1
B0
E+(k)E−(k)k3 = Π. (100)
If E+(k) ≈ E−(k), then
E+(k) ≈ E−(k) ≈ (B0Π)1/2 k−3/2 (101)
This result of Dobrowolny et al. is the same as that of Kraihnan [85℄. We refer to the above as KID's (Kraihnan,
Iroshnikov, Dobrowolny et al.) phenomenology.
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2. Marsh, Matthaeus and Zhou's Kolmogorov-like Phenomenology - E(k) ∝ k−5/3
In 1990 Marsh [110℄ hose the nonlinear time-sale τ±NL ≈ (kz∓k )−1 as the interation time-sale for the eddies z±k ,
and substituted those in Eq. (99) to obtain
Π± ≈ (z±k )2 (z∓k ) k, (102)
whih in turn led to
E±(k) = K±(Π±)4/3(Π∓)−2/3k−5/3, (103)
where K± are onstants, referred to as Kolmogorov's onstants for MHD turbulene. Beause of its similarity with
Kolmogorov's uid turbulene phenomenology, we refer to this phenomenology as Kolmogorov-like MHD turbulene
phenomenology.
During the same time, Matthaeus and Zhou [118℄, and Zhou and Matthaeus [200℄ attempted to ombine 3/2 and
5/3 spetrum for an arbitrary ratio of uk and B0. They postulated that the relevant time-sales τ
±(k) for MHD
turbulene are given by
1
τ±(k)
=
1
τA(k)
+
1
τ±NL(k)
= kB0 + kz
∓
k .
Substitution of τ±(k) in Eq. (99) yields
Π± =
A2E+(k)E−(k)k3
B0 +
√
kE±(k)
(104)
where A is a onstant. If Matthaeus and Zhou's phenomenology (Eq. [104℄) were orret, the small wavenumbers
(
√
kE±(k) ≫ B0) would follow 5/3 spetrum, whereas the large wavenumbers (
√
kE±(k) ≪ B0) would follow 3/2
spetrum.
3. Grappin et al. - Alfvéni Turbulene
Grappin et al. [73℄ analyzed MHD turbulene for nonzero ross heliity; this is also referred to as Alfvéni MHD.
They used Alfvén time-sale as relaxation time-sale for triple orrelations, and derived the transfer funtion (Eq.
[91℄) to be
T±(k, t) =
∫
dpdq(k + p+ q)−1(mkpq/p)
[
k2E±(p)E∓(q)− p2E∓(q)E±(k)]
They postulated that in the inertial range, energy spetra E±(k) = K±k−m
±
. Using Π±(k0) = −
∫ k0
0 dkT
±
k , and
demanding that uxes are independent of k0, they derived
m+ +m− = 3. (105)
In addition, using
ǫ± = 2ν
∫ k±
D
k0
dpp2E±(p),
and assuming K+ = K−, and k+D ≈ k−D ≈ kD, they onluded that
ǫ+
ǫ−
=
m+
m−
. (106)
Later we will show that the solar wind observations and numerial results are inonsistent with the above preditions.
We will show later that Grappin et al.'s key assumptions (1) Alfvén time-sale to be the relevant time sale, and (2)
K+ = K− are inorret.
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Figure 7: An illustration of an interating MHD triad in the presene of strong mean magneti eld.
4. Goldreih and Sridhar - E(k⊥) ∝ k
−5/3
⊥
When the mean magneti eld is strong, the oppositely moving Alfvén waves interat weakly. Suppose three Alfvén
waves under disussion are z+(p, ωp), z
−(q,ωq) and z
+(k, ωk). The wavenumbers and frequeny of the triads must
satisfy the following relationships:
p+ q = k,
ω+p + ω
−
q = ω
+
k ,
where ω±k = ∓B0k||, and || and ⊥ represent parallel and perpendiular omponents respetively to the mean magneti
eld (Shebalin et al. [161℄). Above relationships immediately imply that q|| = 0. Hene, energy transfer ould take
plae from p to k in a plane perpendiular to the mean magneti eld, as shown in Fig. 7.
Under a strong mean magneti eld, the turbulene is termed as weak. In 1994 Sridhar and Goldreih [166℄ argued
that the three-wave resonant interation is absent in MHD turbulene. They onstruted a kineti theory based on
four-wave interation and showed that
E(k||, k⊥) ∼ ǫ1/3VAk−10/3⊥ .
Later, Galtier et al. [63℄ showed that three-wave interations are present in MHD, and modied the above arguments
(to be disussed in Setion IVB6).
In a subsequent paper, Goldreih and Sridhar [69℄ onstruted a phenomenology for the strong turbulene. Aording
to them, the strong turbulene ours when the time τcascade for eddies of width λ⊥ and length λ‖ to pass their energy
to the smaller eddies is approximately λ||/CA ∼ λperp/z±λ⊥ . Assuming loal interations in the wavenumber-spae,
the turbulene asade rate Π will be (z±λ⊥)
2/τcascade ∼ (z±λ⊥)3/λ⊥. Sine steady-state Π is independent of λ⊥,
z±λ⊥ ∝ λ
1/3
⊥ , (107)
that immediately implies that
E(k⊥) ∝ k−5/3⊥ . (108)
The ondition λ||/CA ∼ λperp/z±λ⊥ along with Eq. (107) yields
λ|| ∝ λ2/3⊥ .
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The above results were expressed in the ombined form as
E(k⊥, k||) ∼ Π2/3k−10/3⊥ g
(
k||/k
2/3
⊥
)
, (109)
from whih we an derive
E(k⊥) ∼
∫
E(k⊥, k||)dk|| ∼ k−8/3⊥ ,
and
E(k||) ∼
∫
E(k⊥, k||)k⊥dk⊥ ∼ k−2|| .
Thus Goldreih and Sridhar exploited anisotropy in MHD turbulene and obtained Kolmogorov-like spetrum for
energy. The above argument is phenomenologial. In Setion IXB we will present Goldreih and Sridhar's analyti
argument [69℄. As will be disussed later, 5/3 exponent mathes better with solar wind observations and numerial
simulation results.
5. Verma- Eetive Mean Magneti Field and E(k) ∝ k−5/3
In 1999, Verma [180℄ argued that the sattering of Alfvén waves at a wavenumber k is aused by the ombined
eet of the magneti eld with wavenumbers smaller than k. Hene, B0 of Kraihnan and Iroshnikov theory should
be replaed by an eetive mean magneti eld. Using renormalization group proedure Verma ould onstrut this
eetive eld, and showed that B0 is sale dependent:
B0(k) ∝ k−1/3.
By substituting the above expression in Eq. (95), Verma [180℄ obtained Kolmogorov's spetrum for MHD turbulene.
The eetive mean magneti eld is the same as loal mean magneti eld of Cho et al. [35℄.
6. Galtier et al.- Weak turbulene and E(k⊥) ∝ k
−2
⊥
Galtier et al. [63℄ showed that the three-wave interation in weak MHD turbulene is not null, ontrary to theory
of Sridhar and Goldreih [166℄. Their areful eld-theoreti alulation essentially modied Eq. (100) to
Π ∼ 1
k||B0
E+(kperp)E
−(kperp)k
4
⊥.
Hene, Galtier et al. eetively replaed (kB0)
−1
of KID's model with more appropriate expression for Alfvén time-
sale (k||B0)
−1
. From the above equation, it an be immediately dedued that
E(k⊥) ∝ k−2⊥ .
In Setion IXA we will present Galtier et al.'s [63℄ analyti arguments.
In the later part of the paper we will ompare the preditions of the above phenomenologial theories with the solar
wind observations and numerial results. We nd that Kolmogorov-like saling models MHD turbulene better than
KID's phenomenology. We will apply analyti tehniques to understand the dynamis of MHD turbulene.
As disussed in earlier setions, apart from energy spetra, there are many other quantities of interest in MHD
turbulene. Some of them are ross heliity, magneti heliity, kineti heliity, enstrophy et. The statistial properties
of these quantities are quite interesting, and they are addressed using (a) Absolute Equilibrium State (b) Seletive
Deays () Dynami Alignment, whih are disussed below.
C. Absolute Equilibrium States
In uid turbulene when visosity is identially zero (invisid limit), kineti energy is onserved in the inompressible
limit. Now onsider independent Fourier modes (transverse to wavenumbers) as state variables ya(t). Lesieur [101℄
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Figure 8: Spetrum of energy, ross heliity, and magneti heliity of absolute equilibrium state. Adopted from Stribling et al.
[169℄.
has shown that these variables move in a onstant energy surfae, and the motion is area preserving like in Liouville's
theorem. Now we look for equilibrium probability-distribution funtion P ({ya}) for these state variables. One we
assume ergodiity, the ideal inompressible uid turbulene an be mapped to equilibrium statistial mehanis [101℄.
By applying the usual arguments of equilibrium statistial mehanis we an dedue that at equilibrium, the
probability distribution funtion will be
P (y1, ..., ym) =
1
Z
exp
(
−1
2
σ
m∑
a=1
y2a
)
,
where σ is a positive onstant. The parameter σ orresponds to inverse temperature in the Boltzmann distribution.
Clearly
〈
y2a
〉
=
∫
Πidyiy
2
aP ({yi}) =
1
σ
,
independent of a. Hene energy spetrum C(k) is onstant, and 1-d spetrum will be proportional to kd−1 [101℄.
This is very dierent from Kolmogorov's spetrum for large Re turbulene. Hene, the physis of turbulene at ν = 0
(invisid) diers greatly from the physis at ν → 0. This is not surprising beause (a) turbulene is a nonequilibrium
proess, and (b) Navier-Stokes equation is singular in ν.
The equilibrium properties of invisid MHD equations too has been obtained by mapping it to statistial equilibrium
system (Frish et al. [62℄, Stribling and Matthaeus [169℄). Here additional ompliations arise due to the onservation
of ross heliity and magneti heliity along with energy. Stribling and Matthaeus [169℄ provide us with the analyti
and numerial energy spetra for the invisid MHD turbulene. The algebra is straight forward, but somewhat
involved. In Fig. 9 we illustrate their analyti predition for the spetrum [169℄. Clearly total energy and ross
heliity appear to asade to larger wavenumbers, and magneti heliity is peaking at smaller wavenumbers.
Even though nature of invisid ow is very dierent from turbulent ow, Kraihnan and Chen [89℄ suggested that the
tendeny of the energy asade in turbulent ow ould be antiipated from the absolute equilibrium states. Suppose
energy or heliity is injeted in some intermediate range, and if the invisid spetrum peaks at high wavenumber,
then one may expet a diret asade. On the ontrary, if the invisid spetrum peaks at smaller wavenumber, then
we expet an inverse asade. Frish [62℄ and Stribling and Matthaeus [169℄ have done detailed analysis, and shown
that the energy and ross heliity may have forward asade, and magneti heliity may have an inverse asade.
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Figure 9: Casade diretion of energy ΠE and magneti heliity ΠHM in MHD turbulene.
Ting et al. [171℄ studied the absolute equilibrium states for 2D invisid MHD. They onluded that energy peaks at
larger wavenumbers ompared to ross heliity and mean-square vetor potential. Hene, energy is expeted to have
a forward asade. This is a very interesting property beause we an get reasonable information about 3D energy
spetra and uxes by doing 2D numerial simulation, whih are muh heaper ompared to 3D simulations.
D. Spetrum of Magneti Heliity and Cross Heliity
As disussed in the previous subsetion, absolute equilibrium states of MHD suggest a forward energy asade for
energy and ross heliity, and an inverse asade for magneti heliity (3D) or mean-square vetor potential (2D).
The forward energy asade has already been disussed in subsetion IVB. Here we will disuss the phenomenologies
for the inverse asade regime.
The arguments are similar to the derivation of Kolmogorov's spetrum for uid turbulene (Se. IVA). We postulate
a onstant negative ux of magneti heliity ΠHM at low wavenumbers (see Fig. 9). Hene, the energy spetrum in
this range will have the form
E(k) ∼ |ΠHM |χ kψ.
Simple dimensional mathing yields χ = 2/3 and ψ = −1. Hene
E(k) ∼ |ΠHM |2/3 k−1.
We will show later that the inverse asade of magneti heliity assists the growth of magneti energy at large-sales,
a proess known as dynamo.
Using similar analysis for 2D MHD, Biskamp showed that
E(k) ∼ |ΠA2|2/3 k−1/3,
where ΠA2 is the ux of mean-square vetor potential. Note however that in 2D uid turbulene, energy has inverse
asade, but enstrophy (Ω =
∫ |∇ × u|2/2) has forward asade (Kraihnan [86℄), and the energy spetrum is
E(k) ∼ Π2/3k−5/3 k ≪ kf
E(k) ∼ Π2/3Ω k−3 k ≫ kf ,
where kf is the foring wavenumber, and ΠΩ is the enstrophy ux.
E. Dynami Alignment
In a deaying turbulene, energy dereases with time. Researhers found that the evolution of other global quantities
also have very interesting properties. Matthaeus et al. [114℄ studied the evolution of normalized ross heliity 2Hc/E
36
using numerial simulations and observed that it inreases with time. In other words, ross heliity deays slower
than energy. Matthaeus et al. termed this phenomena as dynami alignment beause higher normalized ross heliity
orresponds to higher alignment of veloity and magneti eld. Pouquet et al. [151℄ also observed growth of normalized
ross heliity in their simulation. The argument of Matthaeus et al. [114℄ to explain this phenomena is as follows:
In KID's model of MHD turbulene, the energy uxes Π+ and Π− are equal (see Eq. [100℄). Hene both E+ and
E− will get depleted at the same rate. If initial ondition were suh that E+ > E−, then E+/E− ratio will inrease
with time. Consequently σc = (E
+ − E−)/(E+ + E−) will also inrease with time.
However, reent development in the eld show that Kolmogorov-like phenomenology (Marsh [110℄, Goldreih and
Sridhar [69, 166℄, Verma [180℄) models the dynamis of MHD turbulene better than KID's phenomenology. Keeping
this in mind, we generalize the arguments of Matthaeus et al. The rate of hange of E+/E−is
d
dt
E+
E−
=
1
(E−)
2
[
E−E˙+ − E+E˙−
]
.
Clearly, E+/E− will inrease with time if
E˙+
E˙−
>
E+
E−
or
ǫ+
ǫ−
<
E+
E−
(110)
using −E˙± = ǫ±. If we assume E+/E− ∼ E+(k)/E−(k), then Eq. (103) yields
E+
E−
∼ K
+
K−
(
ǫ+
ǫ−
)2
.
When E+/E− is not muh greater than 1, K+and K− are probably very lose. Hene,
E+
E−
∼
(
ǫ+
ǫ−
)2
>
(
ǫ+
ǫ−
)
.
Therefore, aording to Eq. (110) E+/E− will inrease with time in this limit. For the ase E+/E− ≫ 1, Verma
[185℄ showed that
ǫ+
ǫ−
≈ 1
0.4
.
Sine E+/E− ≫ 1, E+/E− > ǫ+/ǫ−. Hene, growth of normalized ross heliity σc is onsistent with Kolmogorov-like
model of MHD turbulene.
The above arguments are not appliable when the initial σc = 0. Numerially simulations show that σc typially
ould deviate up to 0.1-0.15. Also, ross heliity is quite sensitive to phases of Fourier modes; we will disuss this
phenomena in Setion IVG. It would be interesting to study the evolution of ross heliity in the language of
symmetry-breaking and its possible generalization to nonequilibrium situations.
F. Seletive Deay
We saw in the previous setion that the ross heliity (E+ − E−) deays slower than energy (E+ + E−). Let us
look at it from the deay equation of global quantities:
dE
dt
=
d
dt
∫
dτ
1
2
(u2 + b2) = −ν
∫
dτ |▽ × u|2 − η
∫
dτj2,
dHc
dt
=
d
dt
∫
dτu ·B = −(ν + η)
∫
dτj · ▽ × u
dHM
dt
=
d
dt
∫
dτ
1
2
(A ·B) = −1
2
η
∫
dτj ·B.
where j represents the urrent density. Sine the dissipation terms of HM has lower power of spatial derivatives as
ompared to E, HM will deay slower than E. The deay rate of Hc is slower beause HC an take both positive and
negative values. Hene, Hc and HM deay slower than E. This phenomena is alled seletive deay, rst proposed by
Matthaeus and Montgomery [115℄.
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Figure 10: Evolution of normalized ross heliity σc for initial σc = 0.1, rA = 0.5. The urves orrespond to three dierent set
of phases . Adopted from Dar et al. [43℄.
Several researhers argued that turbulene may relax to minimum energy state under the onstraint of onstant
magneti heliity HM . This ondition an be written as
δ
(∫
dτ
1
2
(u2 + b2)− λ
∫
dτ
1
2
(A ·B)
)
= 0.
Variation with respet to A yields
▽×B− λB = 0.
Variation with relative to u yields u = 0. The above equation imply that urrent j = ▽ × B is parallel to B,
therefore fore j×B = 0. Hene, the minimum-energy state is a stati fore-free eld. This result nds appliation
in reversed-eld-pinh plasma.
Slow deay or growth due to inverse asade ould produe oherent struture. This proess is referred to as
self-organization proess. See Yanase et al. [194℄ for more detailed study of this phenomena.
G. Phase Sensitivity of Global Quantities
Let us onsider the omplex Fourier mode z± (k) = |z± (k)| exp (iθ±). Clearly there are four independent variables.
The |z+ (k)| and |z− (k)| x E+ (k) and E− (k) respetively. Sine ER = Re(z+ (k) · z−∗ (k)) ∝ (Eu − Eb), θ+ − θ−
together with |z± (k)| x Eu/Eb. Hene, three global quantities (E±, ER) or (Eu, Eb, Hc) are xed by |z± (k)| and
θ+ − θ−, leaving the absolute value of θ+ free. Dar et al. [43℄ studied the evolution of global quantities by varying
the absolute value of initial phase θ+ while keeping θ+ − θ− xed. We term this as phase.
Dar et al. [43℄ performed DNS on 5122 grid. They performed one set of run (mhd) for random values of θ+ keeping
θ+ − θ− xed (by hoosing appropriate rA). In the seond run (mhd*) they hanged θ+ uniformly for all the modes
by an amount ∆, and the third run (mhd**) the phase θ+ were shifted by a random amount. Dar et al. found that
total energy and Alfvén ratio do not depend on the shift of θ+, however ross heliity depends quite sensitively on
the shift, speially when σc is small. This result is illustrated in Fig. 10. Dar et al.'s result is very surprising, and
its onsequenes have not been studied in detail. This result raises the question on randomness of initial onditions,
ergodiity et.
In this setion we studied some of the basi phenomenologial models of MHD turbulene. We will ompare their
preditions with the numerial results and solar wind observations. These are the topis of disussion of the next two
setions.
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Table IV: Typial Observational Data on the Solar Wind
Quantity Corona Base 1 AU
Ion Density 109cm−3 3-20 cm−3
Mean Veloity eld 300-800 km/s 300-800 km/s
Veloity utuations ? 10-20 km/s
Mean magneti eld 10Gauss (3− 20) × 10−5Gauss
Magneti eld utuations ? (1− 3) × 10−5Gauss
Temperature 106 104 − 106
V. SOLAR WIND: A TESTBED FOR MHD TURBULENCE
Analytial results are very rare in turbulene researh beause of omplex nature of turbulene. Therefore, ex-
periments and numerial simulations play very important role in turbulene researh. In uid turbulene, engineers
have been able to obtain neessary information from experiments (e.g., wind tunnels), and suessfully design om-
plex mahines like aeroplanes, spaerafts et. Unfortunately, terrestrial experiments exhibiting MHD turbulene are
typially impossible beause of large value of resistivity and visosity of plasmas. For example, hydrogen plasma at
temperature 104K has resistivity approximately 105cm2/s (see Table I). For a typial laboratory setup of size 10cm
and veloity sale of 10cm/s, magneti Reynolds number will be 10−3, whih is far from turbulent regime. On the
other hand, astrophysial plasmas have large length and veloity sales, and are typially turbulent. They are a
natural testbed for MHD turbulene theories. We have been able to make large set of measurements on nearest astro-
physial plasma, the solar wind, using spaerafts. The data obtained from these measurements have provided many
interesting lues in understanding the physis of MHD turbulene. Diret or indiret measurements on planetary and
solar atmosphere, galaxies et. also provide us with useful data, and MHD turbulene is applied to understand these
astrophysial objets; due to lak of spae, we will not over these astrophysial objets in our review.
The Sun (or any typial star) spews out plasma, alled solar wind. This was rst predited by Parker in 1958, and
later observed by spaerafts. The ow starts at the orona base and extends radially outward beyond the planetary
system, and terminates at around 100 AU (1 AU = Earth's orbital radius≈ 1.5×108km). Typial observational data for
the solar wind and the orona base is given in Table IV [14℄. The density of the wind dereases approximately as r−2.
The mean magneti eld is largely polar in north-south diretion, but spirals out in the equatorial plane. Typial Sound
speed (Cs ≈
√
kBT/mp) is of the order of several hundred km/s. The density utuation δρ/ρ ≈ (u/Cs)2 ≈ 0.01,
hene solar wind an be treated as inompressible uid.
The solar wind data has been analyzed by many sientists. For details the reader is referred to reviews by Goldstein
et al. [70℄ and Tu and Marsh [175℄. The Alfvén ratio rA, whih is the ratio of kineti to magneti energy, is dependent
on helioentri distane and length-sale. The average value of rA in the inertial range dereases from near 5 at 0.3 AU
to near 0.5 at 1AU and beyond [113, 154, 155℄. The normalized ross heliity σc, in general, dereases with inreasing
helioentri distane, with asymptoti values near +1 (purely outward propagating Alfvén waves) near 0.3 AU, and
near 0 by 8 AU or so [113, 154, 155℄. See Fig. 11 for an illustration.
Now let is fous on energy spetrum and turbulent dissipation rates in the solar wind. Matthaeus and Goldstein
[111℄ omputed the exponent of the total energy and magneti energy. They found the exponents to be 1.69 ± 0.08
and 1.73 ± 0.08 respetively, somewhat loser to 5/3 than 3/2. Similar results were obtained by Marsh and Tu
[111℄ for E±(k) and Eu,b(k) at various helioentri distanes. Fig. 11 illustrates the energy spetra E±,u,b(k) of a
typial solar wind stream. This is surprising beause B0 ≫
√
kE±(k) for inertial range wavenumbers in the solar
wind, and aording to KID's phenomenology, the exponent should be 3/2 (see Setion IVB). The phenomenologial
model of Matthaeus and Zhou, and Zhou and Matthaeus [118, 200℄ predits that KID's phenomenology should hold
when
√
kE±(k) ≪ B0(high k), and Kolmogorov-like phenomenology should be to be appliable when
√
kE±(k) ≫
B0(low k). We do not nd any suh break from 5/3 to 3/2 spetrum in the observed spetrum, thus ruling out
phenomenologial model of Matthaeus and Zhou, and Zhou and Matthaeus [118, 200℄.
The observational studies of Tu and Marsh [175℄ show that the spetral index for large ross heliity is also lose to
5/3. This is in ontradition to Grappin et al.'s preditions Π+/Π− ≈ m+/m− = (3−m−)/(3−m+) [72, 73℄. Hene
the solar wind observations invalidate the phenomenology of Grappin et al. as well. On the whole, the solar wind
data appears to indiate that Kolmogorov-like model (5/3) is appliable in MHD turbulene, even when the mean
magneti eld is large as ompared to the utuations. As we will disuss in later setions, numerial simulations and
analyti arguments also support this observation.
As disussed above, the Alfvén ratio (rA =E
u/Eb) is high (≈ 5) in the inner heliosphere, and it dereases to near
0.5 at 1AU. Similar evolution is seen in numerial simulations as well. In Setion VIII B we will disuss a plausible
argument why Alfvén ratio evolves toward 1 or lower in deaying turbulene.
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Figure 11: Energy spetra E±,u,b(k) of a typial solar wind stream. The normalized ross heliity σc and Alfvén ratio rA are
also shown in the gure. Adopted from Tu and Marsh [174℄
Temperature of the solar wind dereases slower that adiabati ooling, implying that solar wind is heated as it
evolves. Some of the studied mehanism for heating are turbulene, shoks, neutral ions et. Tu [173℄, Verma et
al. [190℄, Matthaeus et al. [117℄, Verma [185℄, and others have estimated the turbulent dissipation rate in the solar
wind from the observational data and modelling. They argued that turbulent heating an ontribute signiantly to
heating of the solar wind.
There are interesting studies on oherent strutures, ompressibility, density spetrum et. in the solar wind. Due
to lak of spae, we will not disuss them here and refer the readers to exellent reviews on solar wind [70, 175℄.
VI. NUMERICAL INVESTIGATION OF MHD TURBULENCE
Like experiments, numerial simulations help us test existing models and theories, and inspire new one. In addition,
numerial simulations an be performed for onditions whih may be impossible in real experiments, and all the eld
omponents an be probed everywhere, and at all times. Reent exponential growth in omputing power has fueled
major growth in this area of researh. Of ourse, numerial simulations have limitations as well. Even the best
omputers of today annot resolve all the sales in a turbulent ow. We will investigate these issues in this setion.
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There are many numerial methods to simulate turbulene on a omputer. Engineers have devised many lever
shemes to simulate ows in omplex geometries; however, their attention is typially at large sales. Physiists
normally fous on intermediate and small sales in a simple geometry beause these sales obey universal laws. Sine
nonlinear equations are generally quite sensitive, one needs to ompute both the spatial and temporal derivatives as
aurately as possible. It has been shown that spatial derivative ould be omputed exatly using Fourier transforms
given enough resolutions [28℄. Therefore, physiists typially hoose spetral method to simulate turbulene. Note
however that several researhers (for example, Brandenburg [23℄) have used higher order nite-dierene sheme and
have obtained omparable results.
A. Numerial Solution of MHD Equations using Pseudo-Spetral Method
In this subsetion we will briey sketh the spetral method for 3D ows. For details refer to Canuto et al. [28℄.
The MHD equations in Fourier spae is written as
∂z± (k, t)
∂t
= ±i (B0 · k) z± (k, t)− ikp (k, t)− FT
[
z∓ (k, t) · ∇z± (k, t)]
−ν±k2z± (k, t)− ν∓k2z∓ (k, t) + f±(k, t),
where FT stands for Fourier transform, and f±(k, t) are foring funtions. The ow is assumed to be inompressible,
i. e., k · z± (k, t) = 0. We assume periodi boundary ondition with real-spae box size as (2π) × (2π) × (2π), and
Fourier-spae box size as (nx, ny, nz). The allowed wavenumbers are k = (kx, ky, kz) with kx = (−nx/2 : nx/2), ky =
(−ny/2 : ny/2), kz = (−nz/2 : nz/2). The reality ondition implies that z± (−k) = z±∗ (k), therefore, we need
to onsider only half of the modes [28℄. Typially we take (−nx/2 : nx/2,−ny/2 : ny/2, 0 : nz/2), hene, we have
N = nx ∗ ny ∗ (nz/2 + 1) oupled ordinary dierential equations. The objetive is to solve for the eld variables at a
later time given initial onditions. The following important issues are involved in this method:
1. The MHD equations are onverted to nondimensionalized form, and then solved numerially. The parameter ν
is inverse Reynold's number. Hene, for turbulent ows, ν is hosen to be quite small (typially 10−3 or 10−4).
In Setion IVA we dedued using Kolmogorov's phenomenology that the number of ative modes are
N ∼ ν−9/4.
If we hoose a moderate Reynolds number ν−1 = 104, N will be 109, whih is a very large number even for
the most powerful superomputers. To overome this diulty, researhers apply some triks; the most popular
among them are introdution of hypervisosity and hyperresistivity, and large-eddy simulations. Hypervisous
(hyperresistive) terms are of the form (νj , ηj)k
2jz± (k) with j ≥ 2; these terms beome ative only at large
wavenumbers, and are expeted not to aet the inertial range physis, whih is of interest to us. Beause of
this property, the usage of hypervisosity and hyperresistivity has beome very popular in turbulene simulations.
Large-eddy simulations will be disussed in Setion XII of this paper. Just to note, one of the highest resolution
uid turbulene simulation is by Gotoh [71℄ on a 40963 grid; this simulation was done on Fujitsu VPP5000/56
with 32 proessors with 8 Gigabytes of RAM on eah proessor, and it took 500 hours of omputer time.
2. The omputation of the nonlinear terms is the most expensive part of turbulene simulation. A naive alulation
involving onvolution will take O(N2) oating point operations. It is instead eiently omputed using Fast
Fourier Transform (FFT) as follows:
(a) Compute z± (x) from z± (k) using Inverse FFT.
(b) Compute z∓i (x)z
±
j (x) in real spae by multiplying the elds at eah spae points.
() Compute FFT [z∓i (x)z
±
j (x)] using FFT.
(d) Compute ikjFFT [z
∓
i (x)z
±
j (x)] by multiplying by kj and summing over all j. This vetor is
−FFT [z∓ (k, t) · ∇z± (k, t)].
Sine FFT takes O(N logN), the above method is quite eient. The multipliation is done in real spae,
therefore this method is alled pseudo-spetral method instead of just spetral method.
3. Produts z∓i (x)z
±
j (x) produe modes with wavenumbers larger than kmax. On FFT, these modes get aliased
with k < kmax and will provide inorret value for the onvolution. To overome this diulty, last 1/3 modes
of elds z±i (k) are set to zero (zero padding), and then FFTs are performed. This sheme is alled 2/3 rule. For
details refer to Canuto et al. [28℄.
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4. Pressure is omputed by taking the dot produt of MHD equation with k. Using inompressibility ondition
one obtains
p (k, t) =
ik
k2
· FT [z∓ (k, t) · ∇z± (k, t)] .
To ompute p(k) we use already omputed nonlinear term.
5. One the right-hand side of the MHD equation ould be omputed, we ould time advane the equation using one
of the standard tehniques. The visous terms are advaned using an impliit method alled Crank-Niholson's
sheme. However, the nonlinear terms are advaned using Adam-Bashforth or Runge-Kutta sheme. One uses
either seond or third order sheme. Choie of dt is determined by CFL riteria (dt < (△x)/Urms). By repeated
appliation of time-advaning, we an reah the desired nal time.
6. The MHD turbulene equations an be solved either using z± or (u,b). The usage of z± turns out to be more
eient beause they involve less number of FFT operations.
7. When foring f± = 0, the total energy gets dissipated due to visosity and resistivity. This is alled deaying
simulation. On the ontrary, fored simulation have nonzero foring (f 6= 0), whih feed energy into the
system, and the system typially reahes a steady-state in several eddy turnover time. Foring in astrophysial
and terrestrial systems are typially at large-sale eddies (shoks, explosions et.). Therefore, in fored MHD
equations fu is typially applied at small wavenumbers, whih ould feed both kineti energy and kineti heliity.
For details refer to Brandenburg [22℄.
Spetral method has several disadvantages as well. This method an not be easily applied to nonperiodi ows. That
is the reason why engineers hardly use spetral method. Note however that even in aperiodi ows with omplex
boundaries, the ows at small length-sale an be quite homogeneous, and an be simulated using spetral method.
Spetral simulations are very popular among physiists who try to probe universal features of small-sale turbulent
ows. Sine the MHD equations are solved diretly (without any modeling), this method is alled Diret Numerial
Simulation (DNS).
Many researhers have done spetral simulation of MHD turbulene. In this setion we will mention some of the
main results onerning energy spetra and asade rates. Numerial results on dynamo and intermitteny will be
disussed later in this paper. Some numerial results on the evolution of global quantities (e. g., dynami alignment
by Matthaeus et al. [114℄) were disussed were disussed in Setion IV, and they will not be repeated here.
B. Numerial Results on Energy Spetra (3/2 or 5/3)
In Se. IV we disussed various MHD turbulene phenomenologies, whih predit the exponents to be 3/2, or 5/3, or
mix of both. Grappin et al. [73℄ predited the exponents to be ross heliity dependent; for small σc, m
+ ≈ m− ≈ 3/2,
but for large σc, m
+ → 3, and m− → 0. Many researhers tried to test these preditions numerially.
One-dimensional energy spetrum E(k) is omputed by summing over all the modes in the shell (k− 1/2 : k+1/2),
i.e.,
EX(k) =
1
2
∑
k−1/2<|s|<k+1/2
∣∣∣Xˆ(s)∣∣∣2 ,
where X = u,b, z±. The Energy spetrum is omputed for both deaying or fored simulations. In the nal state
(after 2-10 eddy turnover time), Alfvén ratio is typially found to be lose to 1/2. Most of the MHD turbulene
simulations have been done for zero ross heliity; for these ases, normalized ross heliity typially utuates in the
range of −0.1 to 0.1.
Most of the high resolution simulations till early 1990s were done in 2D due to lak of omputing resoures. Biskamp
and Welter [18℄ performed numerial studies of 2D MHD turbulene on grid up to 10242 under small ross heliity
limit. They reported the spetral index to be lose to 3/2 in agreement with the models of Kraihnan, Iroshnikov,
and Dobrowolny et al. (KID), with a aveat that the exponents may be lose to 5/3 in transition states, in whih
turbulene is onentrated in regions of weak magneti eld. In summary, the numerial simulations till early 1990s
supported 3/2 spetral index. Note that aording to absolute equilibrium theory, 2D and 3D are expeted to have
the same energy spetra. So we an test the turbulene models in 2D as well.
Sine 5/3 and 3/2 are very lose, there is a pratial diulty in resolving the spetral index. They an be resolved
with ertainty only in a high-resolution simulations. Verma [178℄, and Verma et al. [191℄ approahed this problem
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Figure 12: E±(k)ka vs. k (left panel) and Π±(k) vs. k (right panel) for 2D runs with (a) B0 = 0 and initial σc = 0.0, and
(b) B0 = 1.0 and initial σc = 0.9. In the left panel the solid (E
+) and dashed line (E−) orrespond to a = 5/3, and hained
(E+) and dotted (E−) orrespond to a = 3/2. In the right panel solid and hained lines represent Π± respetively, while the
dashed and dotted lines represent dissipation rate and the energy loss in the sphere of radius k. The numerial results favour
Kolmogorov's phenomenology over KID's phenomenology. Adopted from Verma et al. [191℄.
indiretly. They tested the energy asade rates Π± for nonzero ross heliity in 5122 DNS. Reall that KID's model
(3/2) predits Π+ = Π−(Eq. [100℄) independent of E+/E− ratio, while Kolmogorov-like theories (5/3) predit (Eq.
[103℄)
E−(k)
E+(k)
=
K−
K+
(
Π−
Π+
)2
.
Verma [178℄ and Verma et al. [191℄ omputed both energy spetra and asade rates; their plots of the energy spetra
and uxes are reprodued in Fig. 12.
Regarding spetral indies, no partiular laim ould be made beause the numerially omputed indies were within
the error bars of both 3/2 and 5/3. However, the study of energy uxes showed that underlying turbulent dynamis
is loser to Kolmogorov-like. The energy ux of majority speies (larger of E+and E−, here taken to be E+) was
always greater that that of minority speies, even in situations where z±rms ≪ B0. When we look at the values of
asade rates more losely (see Table 1 of Verma et al. [191℄), we nd that ,
E−(k)
E+(k)
≈
(
Π−
Π+
)2
(111)
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Figure 13: Plot of normalized energy spetrum ompensated by k5/3for a 3D MHD simulation on 5123grid. Flatness of the
plot indiates that Kolmogorov's 5/3 index ts better than 3/2 (dashed line). Adopted from Biskamp and Müller [15℄.
for initial σc = 0.25. However, for initial σc = 0.9, they were o by a fator of 10. The Eq. (111) assumes K
+ = K−,
whih is not a valid assumption for large σc. Verma [185℄ has shown that K
±
depend on σc, and the fator of K
−/K+
is of the order of 4. With this input, the numerial results ome loser to the analytial results, but the agreement is
still poor. This indiates that physis at large ross heliity (Alfvéni turbulene) is still unresolved.
The above numerial results imply that the relevant time sale for MHD turbulene is nonlinear time-sale (kz±k )
−1
,
not the Alfvén time-sale (kB0)
−1
. Verma's [178℄ and Verma et al.'s [191℄ provided one of the rst numerial evidene
that Kolmogorov's saling is preferred over KID's 3/2 saling in MHD turbulene.
High resolution three-dimensional simulations soon beame possible due to availability of powerful omputers.
Müller and Biskamp [133℄, and Biskamp and Müller [15℄ performed 5123 DNS with both normal and hyperdiusive
terms. They showed that the energy spetrum follows a k−5/3 law, steeper than k−3/2 as previously thought (see Fig.
13). The runs with hyperdiusivity had a bump at large wavenumbers. The Kolmogorov's onstant was found to be
2.3. The range of 5/3 powerlaw is lose to 1 deade. Numerial results of Cho [33℄, Cho et al. [36℄, and others are
onsistent with Kolmogorov's saling.
Biskamp and Müller also omputed the intermitteny exponents and showed that they are onsistent with Kol-
mogorov saling and sheet-like dissipative struture. We will disuss these issues later in this paper.
Biskamp and Shwarz [16℄ performed DNS on two-dimensional MHD turbulene on grids of 20482 to 81922. They
laimed that the energy spetrum agrees with KID's law (3/2), ontrary to 3D ase. They have also omputed the
struture funtions, and reported a strong anomalous bottlenek eet. Note that Biskamp and Shwarz's results
ontradits Verma et al.'s [191℄ results, where the energy uxes follow Kolmogorov's preditions. This issue needs
a loser look. It is possible that the dynamis is Kolmogorov-like, but they are strongly modied by intermitteny
eets. Refer to Verma et al. [189℄, Biskamp [13℄, and Setion XI for further details.
C. Numerial Results on Anisotropi Energy Spetra
Shebalin et al. [161℄ performed DNS in 2D and studied the anisotropy resulting from the appliation of a mean
magneti eld. They quantied anisotropy using the angle θQ dened by
tan2 θQ =
∑
k2⊥ |Q (k, t)|2∑
k2|| |Q (k, t)|2
,
where Q represents any one of the vetor elds like u,b,∇× u et. They found turbulene to be anisotropi. Later
Oughton et al. [142℄ arried out the anisotropi studies in 3D. They found that with the inrease of B0, anisotropy
inreases up to B0 ∼ 3, then it saturated. They also found that anisotropy inreases with inreasing mehanial
and magneti Reynolds numbers, and also with inreasing wavenumbers. B0 also tended to suppress energy asade.
Matthaeus et al. [116℄ numerially show that the anisotropy sales linearly with the ratio of utuating to total
magneti eld strength.
Cho et al. [35, 37℄ performed 3D DNS and studied anisotropi spetrum. They found that anisotropy of eddies
depended on their size: along loal magneti eld lines, the smaller eddies are more elongated than the larger ones.
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Figure 14: Cho et al. [35℄ ompared the veloity orrelation funtion from simulation (top panel) with the preditions of
Goldreih and Sridhar's theory (bottom panel). The results are in very good agreement. Adopted from Cho et al. [35℄.
See Fig. 14 for an illustration of numerially omputed veloity orrelation funtion. The numerial value mathed
quite losely with the preditions of Goldreih and Sridhar [69℄. Their result was also onsistent with the saling law
k|| ∼ k2/3⊥ proposed by Goldreih and Sridhar [69℄. Here k|| and k⊥ are the wavenumbers measured relative to the
loal magneti eld diretion. The loal magneti eld is in the same spirit as the eetive mean magneti eld of
Verma [180℄.
Maron and Goldreih [109℄ performed a detailed DNS of MHD turbulene. Their grid size ranged from (642× 256)
to (2562×512). They numerial results are in general agreement with the Goldreih and Sridhar predition k|| ∼ k2/3⊥ .
However, their 1D spetral index was loser to 3/2 than 5/3, ontrary to Cho et al. 's [35, 37℄ numerial results that
E(k⊥) ∝ k−5/3⊥ .
After a review of energy spetra in MHD turbulene, we now turn to studies on energy uxes in MHD turbulene.
D. Numerial Results on Energy Fluxes
Computation of energy uxes using DNS has done by Verma et al. [191℄, Dar et al. [45℄, and Ishizawa and Hattori
[78, 79℄ (using wavelet basis). Verma et al. numerially omputed Π±, while Dar et al., and Ishizawa and Hattori
omputed various uxes ΠX<Y > (X,Y = u, b) in 2D MHD turbulene.
Dar et al. performed numerial DNS on a 5122 grid with random kineti foring over a wavenumber annulus
4 ≤ k ≤ 5. Theoretially, the magneti energy in two-dimensional MHD deays in the long run even with steady
kineti energy foring [197℄. However, we nd that the magneti energy remains steady for suiently long time
before it starts to deay. For 1282 simulation, the deay of magneti energy starts only after t = 25− 30 time units,
and for 5122, the deay starts muh later. We ompute the energy uxes in this quasi steady-state. In the quasi
steady-state, the Alfvén ratio utuates between 0.4 and 0.56, and the normalized Cross heliity σc approximately
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Figure 15: The plots of various energy uxes in 2D-MHD versus wavenumber for a 5122 simulation. Adopted from Dar et al.
[45℄.
equal to 0.1. They found however that a variation of σc does not hange the behaviour of ux appreiably.
We illustrate the ux omputation using an example. The ux Πu<b> (k0), whih is energy ux from inside of u-sphere
of radius k0, to outside of b-sphere of radius k0, is
Πu<b> (k0) =
∑
|k′|<k0
∑
|p|<k0
ℑ ([k′ · b(q)] [b(k′) · u(p)]) . (112)
Now we dene two trunated variables u
<
and b
>
as
u
<(k) =
{
u(k) if |k| < k0
0 if |k| > k0 (113)
and
b
>(p) =
{
0 if |p| < K
b(p) if |p| > K (114)
Eq. (112) written in terms of u
<
and b
>
reads as
Πu<b> (K) = ℑ
[∑
k
kjb
>
i (k)
∑
p
bj(k-p)u
<
i (p)
]
(115)
The p summation in the above equation is a onvolution, whih is omputed using FFT. After FFT, k sum is
performed. We ompute energy ux this way. Ishizawa and Hattori [78, 79℄ used Meyor wavelets as basis vetors and
have omputed the energy uxes. Their approah is very similar to that of Dar et al.
The energy uxes as a funtion of wavenumber spheres are plotted in Fig. 15. The inertial range 20 < k < 50 an
be dedued from the approximate onstany of the energy uxes. In Fig. 16 we shematially illustrate the numerial
values of uxes for k = 20, a wavenumber within the inertial range. The main onlusions of Dar et al.'s alulation
are as follows:
1. The soures for the large-sale magneti eld are large-sale veloity eld (Πu<b< ) and the small-sale veloity
eld (Πb<u>). The former transfer is of a greater magnitude than the latter, hene the magneti eld enhanement
is primarily aused by a transfer from the u-sphere to the b-sphere. Indeed the rst few b-modes get most of
this energy.
2. Energy from the large-sale veloity eld gets transferred to the small-sale magneti eld (Πu<b> ). The small-sale
magneti eld transfers energy to the small-sale veloity eld (Πb>u>).
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Figure 16: A shemati illustration of the numerially evaluated values of the uxes averaged over 15 time units. The values
shown here are for k = 20, a wavenumber within the inertial range. Taken from Dar et al. [45℄
3. Small-sale veloity eld transfers energy to large-sale veloity as well as magneti eld. Hene, there is an
inverse asade of kineti energy. This result is onsistent with the EDQNM losure alulations [78, 148℄.
4. There is a forward asade of magneti energy toward the small sales. EDQNM losure alulations also yield
a magneti energy transfer to the small-sales [78℄.
Ishizawa and Hattori [78, 79℄ obtained very similar results in their DNS using wavelet basis.
We have performed a preliminary 3D simulation on 5123 grid size and alulated the energy uxes [46℄. Ours was
a deaying simulation in whih Alfvén ratio saturated near 0.4. The energy uxes at k = 11, one of the inertial range
wavenumbers, is shown in Fig. 17. All the outgoing uxes are positive, but Πu<b< is negative for rA < 0.6. These are
in qualitative agreement with Verma's analyti results [185, 186℄, whih will be disussed in Setion VIII.
Haugen et al. [75℄ have omputed the dissipation rates of kineti and magneti energies. They nd that for
Eb/Eu ≈ 0.5, ǫu/Π = (Πu<u> +Πb<u>)/Π ≈ 0.3, and ǫb/Π = (Πu<b> +Πb<b>)/Π ≈ 0.7 (see Figures 11 and 12 of Haugen et
al. [75℄). Note however that Haugen et al. 's shematis of energy uxes are missing Πb<u> and Π
u<
b> . We will ompare
Haugen et al.'s numerial values with theoretial preditions in Setion VIIIA 1.
There are major dierenes between the energy uxes in 2D and 3D MHD turbulene. Primarily, for rA < 0.6,
Πu<b< < 0 in 3D MHD but is positive in 2D MHD. Also, Π
u<
u> and Π
b<
u> are positive in 3D, but are negative in 2D
MHD. In Setion VIII we will ompare 3D numerial results with their analytial ounterparts. Unfortunately, we do
not have analytial results for 2D MHD turbulene.
The energy uxes give us information about the overall energy transfer from inside/outside u/b-sphere to in-
side/outside u/b-sphere. To obtain a more detailed aount of the energy transfer, Dar et al. [45℄ also studied energy
exhange between the wavenumber shells; Ishizawa and Hattori [78, 79℄ performed the same studies using wavelet
basis.
E. Shell-to-Shell energy Transfer-rates in MHD Turbulene
Dar et al. [45℄ partitioned the k-spae into shells with boundaries at wavenumbers kn(n = 1, 2, 3, ...) =
1, 16, 19.02, 22.62, ..., 2(n+14)/4, and omputed the shell-to-shell energy transfer rates T YXnm dened by Eq. (84). The
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Figure 17: Values of inertial-range energy uxes at dierent time in a 5123 deaying 3D-MHD turbulene simulation. Note the
hange in sign for some of the uxes near rA = 0.6.
results are shown in Fig. 18.
The main onlusions of Dar et al. are as follows:
1. The energy uxes T YXnm are virtually independent of the individual values of m and n, but only dependent on
their dierenes. Hene, the transfer rates in the inertial range are self-similar.
2. T bbnm is positive for n > m, and negative for n < m, and maximum for n = m+ 1. Hene magneti to magneti
energy transfer is forward and loal.
3. The most dominant T uunm is from (m− 1)-th shell to m-th shell and m-th shell to (n = m+1)-th shell, thus u-u
energy transfer to the nearest shell is forward. However, T uunm is negative for n > m+3, whih may ontribute to
the inverse asade of kineti energy. This result is onsistent with analyti results on 2D shell-to-shell energy
transfers in uid turbulene (see Appendix D). There are signiant energy transfers from inertial wavenumbers
to small wavenumbers (nonloal), whih will also ontribute to the inverse asade of energy.
4. T bunm is positive for all n, exept for n = m− 1 and m, implying that n-th u shell loses energy to all but nth and
(n− 1)th b-shell. However, energy gained from these two shells is larger than the total loss. Consequently there
is a net gain of energy by u-shells in the inertial range.
5. T bu1m is positive implying that the rst b-shell gains energy from the inertial range u-shells through a nonloal
transfer.
6. T bun1 is positive implying that the rst u-shell loses energy to the inertial range b−shells through a nonloal
transfer.
All the above results are shematially illustrated in Fig. 18(d).
The above results on shell-to-shell energy transfers provide us with important insights into the dynamis of MHD
turbulene. Unfortunately, we do not have enough results on shell-to-shell energy transfer in 3D.
In this setion we desribed the methodology of spetral method and some important results on energy spetra,
uxes, and shell-to-shell transfers. In Setion XII we will also present large-eddy simulation (LES), whih enables
us to perform turbulene simulations on smaller grids. In the next three setions we will desribe the eld-theoreti
alulation of renormalized visosity and resistivity, energy uxes, and shell-to-shell energy transfer rates.
VII. RENORMALIZATION GROUP ANALYSIS OF MHD TURBULENCE
In Setion IV we disussed various existing MHD turbulene models. Till early 1990s, KID's model (3/2 spetral
index) used be the aepted model of MHD turbulene. However, solar wind observations and numerial results in
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Figure 18: Shell-to-shell energy transfer T uunm, T
bb
nm, T
bu
nm (in order) for Dar et al.'s 512
2
run. They are shematially illustrated
in the last diagram. Adopted from Dar et al. [45℄.
the last deade are in better agreement with the preditions of Kolmogorov-like models (5/3 spetral index). In this
and the next two setions we will present omputation of energy spetrum and energy asade rates starting from the
MHD equations using eld-theoreti tehniques. In this setion we will present some of the important renormalization
group alulations applied to MHD turbulene. Most reent RG alulations favour 5/3 spetral index for energy
spetrum.
Field theory is well developed, and has been applied to many areas of physis, e.g., Quantum Eletrodynamis,
Condensed Matter Physis et. In this theory, the equations are expanded perturbatively in terms of nonlinear term,
whih are onsidered small. In uid turbulene the nonlinear term is not small; the ratio of nonlinear to linear (visous)
term is Reynolds numbers, whih is large in turbulene regime. However in MHD turbulene, when B0 ≫ z±, the
nonlinear term is small ompared to the linear (Alfvén propagation term B0 ·∇z±) term. This is the weak turbulene
limit, and the perturbative expansion makes sense here. On the other hand when z± ≫ B0 (the strong turbulene
limit), the nonlinear term is not small, and the perturbative expansion is questionable. This problem appears in
many areas of physis inluding Quantum Chromodynamis (QCD), Strongly Correlated Systems, Quantum Gravity
et., and is largely unsolved. Several interesting methods, Diret Interation Approximation, Renormalization Groups
(RG), Eddy-damped quasi-normal Markovian approximations, have been attempted in turbulene. We disuss some
of them below.
A simple-minded alulation of Green's funtion shows divergene at small wavenumbers (infrared divergene). One
way to solve problem is by introduing an infrared uto for the integral. The reader is referred to Leslie [102℄ for
details. RG tehnique, to be desribed below, is a systemati proedure to ure this problem.
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A. Renormalization Groups in Turbulene
Renormalization Group Theory (RG) is a tehnique whih is applied to omplex problems involving many length
sales. Many researhers have applied RG to uid and MHD turbulene. Over the years, several dierent RG
appliations for turbulene has been disovered. Broadly speaking, they fall in three dierent ategories:
Yakhot-Orszag (YO) Perturbative approah
Yakhot and Orszag's [193℄ work, motivated by Forster et al. [54℄ and Fournier and Frish [56℄, is the rst ompre-
hensive appliation of RG to turbulene. It is based on Wilson's shell-elimination proedure. Also refer to Smith and
Woodru [164℄ for details. Here the renormalized parameter is funtion of foring noise spetrum D(k) = D0k
−y
. It
is shown that the loal Reynolds number λ¯ is
λ¯ =
λ20D0
ν3(Λ)Λǫ
,
where λ0 is the expansion parameter, Λ is the uto wavenumber, and ǫ = 4+y−d [193℄. It is found that ν(Λ) inreases
as Λ dereases, therefore, λ¯ remains small (may not be less that one though) ompared to Re as the wavenumber
shells are eliminated. Hene, the eetive expansion parameter is small even when the Reynolds number may be
large.
The RG analysis of Yakhot and Orszag [193℄ yielded Kolmogorov's onstantKKo = 1.617, turbulent Prandtl number
for high-Reynolds-number heat transfer Pt = 0.7179, Bathelor onstant Ba = 1.161 et. These numbers are quite
lose to the experimental results. Hene, Yakhot and Orszag's method appears to be highly suessful. However there
are several ritiisms to the YO sheme. Kolmogorov's spetrum results in the YO sheme for ǫ = 4, far away from
ǫ = 0, hene epsilon-expansion is questionable. YO proposed that higher order nonlinearities are irrelevant in the
RG sense for ǫ = 0, and are marginal when ǫ = 4. Eyink [51℄ objeted to this laim and demonstrated that the higher
order nonlinearities are marginal regardless of ǫ. Kraihnan [88℄ ompared YO's proedure with Kraihnan's Diret
Interation Approximation [84℄ and raised ertain objetions regarding distant-interation in YO sheme. For details
refer to Zhou et al. [201℄ and Smith and Woodru [164℄.
There are several RG alulations applied to MHD turbulene based on YO proedure. These alulations will be
desribed in Setion VII E.
Self-onsistent approah of MComb and Zhou
This is one of the nonperturbative method, whih is often used in Quantum Field theory. In this method, a self-
onsistent equation of the full propagator is written in terms of itself and the proper vertex part. The equation may
ontain many (possibly innite) terms, but it is trunated at some order. Then the equation is solved iteratively. M-
Comb [120℄, Zhou and oworkers [203℄ have applied this sheme to uid turbulene, and have alulated renormalized
visosity and Kolmogorov's onstant suessfully. Diret Interation Approximation of Kraihnan is quite similar to
self-onsistent theory (Smith and Woodru [164℄).
The diulty with this method is that it is not rigorous. In MComb and Zhou's proedures, the vertex orretion
is not taken into aount. Verma [180182℄ has applied the self-onsistent theory to MHD turbulene.
Callan-Symanzik Equation for Turbulene
DeDominiis and Martin [47℄ and Teodorovih [170℄ obtained the RG equation using funtional integral. Teodorovih
obtained KKo = 2.447, whih is in worse agreement with the experimental data, though it is not too far away.
It has been shown that Wilson's shell renormalization and RG through Callan-Symanzik equation are equivalent
proedure. However, areful omparison of RG shemes in turbulene is not ompletely worked out.
The renormalization of visosity, resistivity, and mean magneti eld will be disussed below. The self-onsistent
approah will be disussed at somewhat greater length beause it is one of the most reent and exhaustive work.
After renormalization, in Setion VIII we will disuss the omputation of energy uxes in MHD turbulene. These
alulations are done using self-onsistent eld theory, a sheme very similar to DIA. At the end we will desribe
Eddy-damped quasi-normal Markovian approximation, whih is very similar to the energy ux alulation.
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Figure 19: The wavenumber shells to be averaged during renormalization proedure. (a) In mean magneti eld renormaliza-
tion, averaging starts from small wavenumber, rst shell being (k0, k1). (b) In visosity and resistivity, averaging starts from
large wavenumbers.
B. Physial Meaning of Renormalization in Turbulene
The eld theorists have been using renormalization tehniques sine 1940s. However, the physial meaning of renor-
malization beame lear after path-breaking work of Wilson [192℄. Here renormalization is a variation of parameters
as we go from one length sale to the next. Following Wilson, renormalized visosity and resistivity an also be
interpreted as sale-dependent parameters. We oarse-grain the physial spae and look for an eetive theory at
a larger sale. In this method, we sum up all the interations at smaller sales, and as a outome we obtain terms
that an be treated as a orretion to visosity and resistivity. The orreted visosity and resistivity are alled
eetive or renormalized dissipative parameters. This proedure of oarse graining is also alled shell elimination
in wavenumber spae. We arry on with this averaging proess till we reah inertial range. In the inertial range the
eetive or renormalized parameters follow a universal powerlaw, e. g., renormalized visosity ν(l) ∝ l4/3. This is
the renormalization proedure in turbulene. Note that the renormalized parameters are independent of mirosopi
visosity or resistivity.
In visosity and resistivity renormalization the large wavenumber shells are eliminated, and the interation involving
these shells are summed. Hene, we move from larger wavenumbers to smaller wavenumbers. However, it is also
possible to go from smaller wavenumbers to larger wavenumber by summing the smaller wavenumber shells. This
proess is not oarse-graining, but it is a perfetly valid RG proedure, and is useful when the small wavenumber
modes (large length sales) are linear. This sheme is followed in Quantum Eletrodynamis (QED), where the
eletromagneti eld is negligible at a large distane (small wavenumbers) from a harge partile, while the eld
beomes nonzero at short distanes (large wavenumber). In QED, the harge of a partile gets renormalized when we
ome loser to the harge partile, i. e., from smaller wavenumbers to larger wavenumbers. In MHD too, the large-sale
Alfvén modes are linear, hene we an apply RG proedure from smaller wavenumbers to larger wavenumbers. Verma
[180℄ has preisely done this to ompute the eetive or renormalized mean magneti eld in MHD turbulene. See
Fig. 19 for an illustration of wavenumber shells to be averaged.
C. Mean Magneti Field Renormalization in MHD Turbulene
In this subsetion we desribe the self-onsistent RG proedure of Verma [180℄, whih is similar to that used by
MComb [119℄, MComb and Shanmugsundaram [124℄, MComb and Watt [125℄, and Zhou et al. [203℄ for uid
turbulene. However, one major dierene between the two is that Verma [180℄ integrates the small wavenumber
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modes instead of integrating the large wavenumber modes, as done by earlier authors. At small wavenumbers the
MHD equations are linear in B0, the mean magneti eld. Verma applied RG proedure to ompute the renormalized
mean magneti eld.
The basi idea of the alulation is that the eetive mean magneti eld is the magneti eld of the next-largest
eddy (loal eld), ontrary to the KID's phenomenology where the eetive mean magneti eld at any sale is a
onstant. This argument is based on a physial intuition that the sattering of the Alfvén waves at a wavenumber k
is eeted by the magneti eld of the next-largest eddy, rather than the external magneti eld. The mean magneti
eld at the largest sale will simply onvet the waves, whereas the loal inhomogeneities ontribute to the sattering
of waves whih leads to turbulene (note that in WKB method, the loal inhomogeneity of the medium determines
the amplitude and the phase evolution). The alulation shows that E(k) ∝ k−5/3, and the mean magneti eld
B0(k) ∝ k−1/3 are the self-onsistent solutions of the RG equations. Thus B0 appearing in KID's phenomenology
should be k-dependent.
Verma made one drasti assumption that the mean magneti eld at large-sales are randomly oriented. This
assumption simplies the alulation tremendously beause the problem remains isotropi. Physially, the above
assumption may be approximately valid several sales below the largest length sale. Now, Verma's proedure follows.
The MHD equations in the Fourier spae is (see Eq. [32℄)
(−iω ∓ i (B0 · k)) z±i (kˆ) = −iMijm(k)
∫
dpˆz∓j (pˆ)z
±
m(kˆ − pˆ) (116)
where
Mijm(k) = kjPim(k); Pim(k) = δim − kikm
k2
, (117)
and kˆ = (k, ω). We ignore the visous terms beause they are eetive at large wavenumbers. We take the mean
magneti eld B0 to be random. Hene,
(
−iω + Σˆ(0)
)[
z+i (kˆ)
z−i (kˆ)
]
= −iMijm(k)
∫
dkˆ
[
z−j (pˆ)z
+
m(kˆ − pˆ)
z+j (pˆ)z
−
m(kˆ − pˆ)
]
with the self-energy matrix Σˆ(0) given by
Σˆ(0) =
[ −ikB0 0
0 ikB0
]
We logarithmially divide the wavenumber range (k0, kN ) into N shells. The nth shell is (kn−1, kn) where kn =
snko(s > 1). The modes in the rst few shells will be the energy ontaining eddies that will fore the turbulene. For
keeping our alulation proedure simple, we assume that the external foring maintains the energy of the rst few
shells to the initial values. The modes in the rst few shells are assumed to be random with a gaussian distribution
with zero mean (see Items 3 and 4 below).
First we eliminate the rst shell (k0, k1), and then obtain the modied the MHD equations. Subsequently higher
wavenumber shells are eliminated, and a general expression for the modied MHD equations after elimination of nth
shell is obtained. The details of eah step are as follows:
1. We deompose the modes into the modes to be eliminated (k<) and the modes to be retained (k>). In the rst
iteration (k0, k1) = k
<
and (k1, kN ) = k
>
. Note that B0(k) is the mean magneti eld before the elimination of
the rst shell.
2. We rewrite the Eq. (32) for k< and k>. The equations for z±>i (kˆ) modes are
(−iω ∓ i (B0k)) z±>i (kˆ) = −iMijm(k)
∫
dkˆ
[
z∓>j (pˆ)z
±>
m (kˆ − pˆ)
]
+
[
z∓>j (pˆ)z
±<
m (kˆ − pˆ) + z∓<j (pˆ)z±>m (kˆ − pˆ)
]
+
[
z∓<j (pˆ)z
±<
m (kˆ − pˆ)
]
(118)
while the equation for z±<i (k, t) modes an be obtained by interhanging < and > in the above equation.
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3. The terms given in the seond and third brakets in the RHS of Eq. (118) are alulated perturbatively. The
details of the perturbation expansion is given in Appendix B. We perform ensemble average over the rst shell,
whih is to be eliminated. We assume that z±<i (kˆ) has a gaussian distribution with zero mean. Hene,〈
z±<i (kˆ)
〉
= 0〈
z±>i (kˆ)
〉
= z±>i (kˆ)
(119)
and 〈
za<s (pˆ)z
b<
m (qˆ)
〉
= Psm(p)C
ab(pˆ)δ (pˆ+ qˆ) (120)
where a, b = ± or ∓. Also, the triple order orrelations
〈
za,b<s (kˆ)z
a,b<
s (pˆ)z
a,b<
s (qˆ)
〉
are zero due to the Gaussian
nature of the utuations. The experiments show that gaussian approximation for z±<i (kˆ) is not quite orret,
however it is a good approximation (refer to Setions XI). A popular method alled EDQNM alulation also
makes this assumption (see Setions VIII C).
4. As shown in Appendix B, to rst order in perturbation, the seond braketed term of Eq. (118) vanishes exept
the terms of the type
〈
za,b>s (kˆ)z
a,b>
s (pˆ)z
a,b>
s (kˆ)
〉
(alled triple nonlinearity). Verma ignored this term. The
eets of triple nonlinearity an be inluded using the proedure of Zhou and Vahala [203℄, but they are expeted
to be of higher order. For averaging, we also hypothesize that〈
z>z<z<
〉
= z>
〈
z<z<
〉
,
whih annot be stritly orret. This is one of the major assumption of RG proedure [201℄. After performing
the perturbation we nd that the third braketed term of Eq. (118) is nonzero, and yields orretions δΣˆ(0)to
the self energy Σˆ(0):
(
−iω + Σˆ(0) + ˆδΣ(0)
) [
z+>i (kˆ)
z−>i (kˆ)
]
= −iMijm(k)
∫
dkˆ
[
z−>j (pˆ)z
+>
m (kˆ − pˆ)
z+>j (pˆ)z
−>
m (kˆ − pˆ)
]
with
δΣ++(0) =
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
++
(0) (pˆ)C
−−
(0) (qˆ) + S2(k, p, q)G
+−
(0) (pˆ)C
−−
(0) (qˆ)
+S3(k, p, q)G
−+
(0) (pˆ)C
+−
(0) (qˆ) + S4(k, p, q)G
−−
(0) (pˆ)C
+−
(0) (qˆ)], (121)
δΣ+−(0) =
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
+−
(0) (pˆ)C
−+
(0) (qˆ) + S2(k, p, q)G
++
(0) (pˆ)C
−+
(0) (qˆ)
+S3(k, p, q)G
−−
(0) (pˆ)C
++
(0) (qˆ) + S4(k, p, q)G
−+
(0) (pˆ)C
++
(0) (qˆ)]. (122)
where the integral is to performed over the rst shell (k0, k1), denoted by region ∆, and Si(k, p, q) are given in
Appendix B. The equations for the other two terms Σ−−and Σ−+ an be obtained by interhanging + and −
signs. Note that [
Σ++(0) Σ
+−
(0)
Σ−+(0) Σ
−−
(0)
]
=
[
−ikB++(0) −ikB+−(0)
ikB−+(0) ikB
−−
(0)
]
with B±∓(0) = 0.
5. The full-edged alulation of Σ's are quite involved. Therefore, to simplify the alulation by solving the
equations in the limit C±∓ = CR = Cuu(k) − Cbb(k) = 0 and E+(k) = E−(k). Under this approximation we
have+− symmetry in our problem, hene B++(0) = B−−(0) and B+−(0) = B−+(0) . In the rst iteration, B+−(0) = B−+(0) = 0,
but they beome nonzero after the rst iteration, hene we will keep the expressions B+−(0) intat.
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6. The expressions for δΣ′s involve Green's funtions and orrelation funtions, whih are themselves funtions of
Σ′s. We need to solve for Σ's and G's self-onsistently. Green's funtion after rst iteration is
Gˆ−1(0)(k, ω) =
[
−iω − ikB++(0) −ikB+−(0)
ikB−+(0) −iω + ikB−−(0)
]
, (123)
whih implies that
G±±(0) (k, t− t′) =
X(0)(k) +B
++
(0) (k)
2X(0)(k)
exp±ikX(0)(k)(t− t′)
G±∓(0) (k, t− t′) =
B+−(0)
2X(0)(k)
exp±ikX(0)(k)(t− t′),
where X(0)(k) =
√
B++2(0) −B+−2(0) . The frequeny dependene of orrelation funtion are taken as Cˆ(k, ω) =
2ℜ[Gˆ(k, ω)]Cˆ(k), whih is one of the generalizations of utuation-dissipation theorem to nonequilibrium sys-
tems. In terms of time dierene, Cˆ(k, t− t′) = Gˆ(k, t− t′)C(k, t, t), whih yields
Cˆ(k, t− t′) = ℜ

 X(0)(k)+B
++
(0)
(k)
2X(0)(k)
C(k) exp iΦ
B+−
(0)
2X(0)(k)
C(k) exp iΦ
B+−
(0)
2X(0)(k)
C(k) exp−iΦ X(0)(k)+B
++
(0)
(k)
2X(0)(k)
C(k) exp−iΦ

 .
where Φ = kX(0)(k)(t − t′). To derive the above, we use the fat that CR = Cuu(k) − Cbb(k) = 0, and
C++(k) = C−−(k) = C(k). While doing the integral, the hoie of the pole is ditated by the diretion of the
waves.
7. Above Green's funtions and orrelation funtions are substituted in Eqs. (121,122), and the frequeny integral
is performed. These operations yield
kδB++(0) =
1
d− 1
∫
dp
(2π)
d
C(q)[−S1(k, p, q)
X(0)(p) +B
++
(0) (p)
2X(0)(p)
− S2(k, p, q)
B+−(0) (p)
2X(0)(p)
+S3(k, p, q)
B+−(p)
2X(0)(p)
− S4(k, p, q)
X(0)(p)−B++(0) (p)
2X(0)(p)
]/denr, (124)
kδB+−0 =
1
d− 1
∫
dp
(2π)
d
C(q)[−S1(k, p, q)
B++(0) (p)
2X(0)(p)
− S2(k, p, q)
X(0)(p)−B++(0) (p)
2X(0)(p)
+S3(k, p, q)
X(0)(p) +B
++
(0) (p)
2X(0)(p)
+ S4(k, p, q)
B+−(0) (p)
2X(0)(p)
]/denr, (125)
with
denr = [−kX(0)(k) + pX(0)(p)− qX(0)(q)]
The frequeny integral in the above are done using ontour integral. It is also possible to obtain the above using
t′ integral [102℄. Also note that ω±k = ∓kB±±0 (k), whih is equivalent to using ω = kz.
8. Let us denote Bˆ(1)(k) as the eetive mean magneti eld after the elimination of the rst shell. Therefore,
Bab(1)(k) = B
ab
(0)(k) + δB
ab
(0)(k), (126)
Reall that a, b = ±1. We keep eliminating the shells one after the other by the above proedure, and obtain
the following reurrene relation after n+ 1 iterations:
Bab(n+1)(k) = B
ab
(n)(k) + δB
ab
(n)(k), (127)
where the equations for δB±±(n) (k) and δB
±∓
(n) (k) are the same as the equations (124,125) exept that the terms
Bab(0)(k) and X
ab
(0)(k) are to be replaed by B
ab
(n)(k) and X
ab
(n)(k) respetively. Clearly B(n+1)(k) is the eetive
mean magneti eld after the elimination of the (n+ 1)th shell. The set of RG equations to be solved are Eqs.
(124,125) with B(0) replaed by B(n)s, and Eq. (127).
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9. In YO's perturbative RG alulation, the orrelation funtion depends of the noise (foring) spetrum. In the
self-onsistent proedure, we assume that we are in the inertial range, and the energy spetrum is proportional
to Kolmogorov's 5/3 power law, i.e.,
C(k) =
2 (2π)
d
Sd(d− 1)k
(d−1)E(k)
where
E(k) = KΠ2/3k−5/3 (128)
Here, Sd is the surfae area of d-dimensional unit sphere, Π is the total energy asade rate, and K is Kol-
mogorov's onstant. Note that Π+ = Π− = Π due to symmetry. We substitute the following form of B(n)(k) in
the modied equations (124,125)
Bab(n)(knk
′) = K1/2Π1/3k−1/3n B
∗ab
(n) (k
′) (129)
with k = k(n+1)k
′
(k′ > 1). We expet B∗ab(n) (k
′) to be a universal funtion for large n. After the substitution we
obtain the equations for B∗ab(n) (k
′) that are
δB++∗n (k
′) =
1
d− 1
∫
dp′
2
Sd(d− 1)
E(q′)
q′d−1
[−S1(k′, p′, q′)
X(0)(sp
′) +B++(0) (sp
′)
2X(0)(sp′)
−S2(k′, p′, q′)
B+−(0) (sp
′)
2X(0)(sp′)
+ S3(k
′, p′, q′)
B+−(sp′)
2X(0)(sp′)
−S4(k′, p′, q′)
X(0)(sp
′)−B++(0) (sp′)
2X(0)(sp′)
]/denr′, (130)
δB+−∗n (k
′) =
1
d− 1
∫
dp′
2
Sd(d− 1)
E(q′)
q′d−1
[−S1(k′, p′, q′)
B++(0) (sp
′)
2X(0)(sp′)
−S2(k′, p′, q′)
X(0)(sp
′)−B++(0) (sp′)
2X(0)(sp′)
+ S4(k
′, p′, q′)
B+−(0) (sp
′)
2X(0)(sp′)
+S3(k
′, p′, q′)
X(0)(sp
′) +B++(0) (sp
′)
2X(0)(sp′)
]/denr′, (131)
where
denr′ = [−k′X(0)(sk′) + p′X(0)(sp′)− q′X(0)(sq′)],
The integrals in the Eqs. (130,131) are performed over a region 1/s ≤ p′, q′ ≤ 1 with the onstraint that
p′ + q′ = k′. The reurrene relation for B(n) is
B∗ab(n+1)(k
′) = s1/3B∗ab(n) (sk
′) + s−1/3δB∗ab(n) (k
′) (132)
10. Now we need to solve the above three equations iteratively. Here we take the spae dimensionality d = 3. We
use Monte Carlo tehnique to solve the integrals. Sine the integrals are identially zero for k′ > 2, the initial
B∗(0)(k
′
i) = B
∗initial
(0) for k
′
i < 2 and B
∗
(0)(k
′
i) = B
∗initial
(0) ∗ (k′i/2)−1/3 for k′i > 2. We take B+−(0) = 0. The Eqs.
(130,131,132) are solved iteratively. We ontinue iterating the equations till B∗(n+1)(k
′) ≈ B∗(n)(k′), that is, till
the solution onverges. The B∗(n)s for various n ranging from 0..3 is shown in Fig. 20. Here the onvergene is
very fast, and after n = 3− 4 iterations B∗(n)(k) onverges to an universal funtion
f(k′) = 1.24 ∗B∗initial(0) k′−0.32 ≈ B∗initial(0) (k′/2)−1/3.
The other parameter B∗+−(n) (k
′) remains lose to zero. Sine B∗(n)(k
′) onverges, the universal funtion is an
stable solution in the RG sense. The substitution of the funtion B∗(n)(k
′) in Eq. (129) yields and
B(n+1)(k) = K
1/2Π1/2B∗initial(0) (k/2)
−1/3 = B0
(
k
2k0
)−1/3
,
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Figure 20: B∗n(k
′) for n = 0..3. The line of best is k′−1/3.
for k > kn+1 when n is large (stable RG solution). Hene we see that Bn(k) ∝ k−1/3 in our self-onsistent
sheme.
To summarize, we have shown that the mean magneti eld B0 gets renormalized due to the nonlinear term. As a
onsequene, the energy spetrum is Kolmogorov-like, not k−3/2 as predited by KID's phenomenology, i. e.,
E(k) = KΠ2/3k−5/3.
Sine, B0is orreted by renormalization, we an laim that KID's phenomenology is not valid for MHD turbulene.
The physial idea behind our argument is that sattering of the Alfvén waves at a wavenumber k is aused by
the eetive or renormalized magneti eld, rather than the mean magneti eld eetive at the largest sale. The
eetive eld turns out to be k-dependent or loal eld, and an be interpreted as the eld due to the next largest
eddy. The above theoretial result an be put in perspetive with the numerial results of Cho et al. [35℄ where they
show that turbulent dynamis is determined by the loal mean magneti eld. Note that KID take τA ≈ (kB0)−1
to be the eetive time sale for the nonlinear interations that gives E(k) ∝ k−3/2. However the timesale τB(n)NL ,
whih is of the same order as the nonlinear time-sales of z±k , τ
±
NL ≈ (kz±k )−1, yields E(k) ∝ k−5/3. The quantity
τ
B(n)
NL an possibly be obtained numerially from the time evolution of the Fourier omponents; this test will validate
the theoretial assumptions made in the above alulation.
The above alulation shows that Kolmogorov-like energy spetrum is one of the solution of RG equation. However,
we annot laim this to be the unique solution. Further investigation in this diretion is required. Also, the above RG
alulation was done for E+ = E− and rA = 1 for simpliity of the alulation. The generalization to arbitrary eld
onguration is not yet done. The mean magneti eld is assumed to be isotropi, whih is unrealisti. In addition,
self-onsistent RG sheme has other fundamental problems, as desribed in Setion VIIA.
In the above RG sheme, averaging of wavenumber has been performed for small wavenumbers in ontrast to the
earlier RG analysis of turbulene in whih higher wavenumbers were averaged out. Here a self-onsistent power-law
energy spetrum was obtained for smaller length sales, and the spetrum was shown to be independent of the small
wavenumber foring states. This is in agreement with the Kolmogorov's hypothesis whih states that the energy
spetrum of the intermediate sale is independent of the large-sale foring. Any extension of this sheme to uid
turbulene in the presene of large-sale shear et. will yield interesting insights into the onnetion of energy spetrum
with large-sale foring.
After the disussion on the renormalization of mean magneti eld, we move to renormalization of dissipative
parameters.
D. Renormalization of visosity and resistivity using self-onsistent proedure
In this subsetion we ompute renormalized visosity and resistivity using self-onsistent proedure. This work
was done by Verma [181, 184℄, and Chang and Lin [32℄. Here the mean magneti eld is assumed to be zero, and
renormalization of visosity and resistivity is performed from large wavenumber to smaller wavenumbers. This is
the major dierene between the alulation of Subsetion VIIC and the present alulation. The RG alulation
for arbitrary ross heliity, Alfvén ratio, magneti heliity, and kineti heliities is very omplex, therefore Verma
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performed the alulation in the following three limiting ases: (1) Nonhelial nonAlfvéni MHD (HM = HK = Hc =
0), (2) Nonhelial Alfvéni MHD (HM = HK = 0, σc → 1), and (3) Helial nonAlfvéni MHD (HM 6= 0, HK 6= 0, Hc =
0). These generi ases provide us with many useful insights into the dynamis of MHD turbulene.
1. Nonhelial nonAlfvéni MHD (HM = HK = Hc = 0):
In this ase, the RG alulations are done in terms of u and b variables beause the matrix of Green's funtion
beomes diagonal in these variables. We take the following form of Kolmogorov's spetrum for kineti energy [Eu(k)℄
and magneti energy [Eb(k)℄
Eu(k) = KuΠ2/3k−5/3, (133)
Eb(k) = Eu(k)/rA, (134)
where Ku is Kolmogorov's onstant for MHD turbulene, and Π is the total energy ux. In the limit σc = 0, we have
E+ = E− and Π+ = Π− = Π [f. Eq. (103)℄. Therefore, Etotal(k) = E
+(K) = Eu(k) + Eb(k) and
K+ = Ku(1 + r−1A ) (135)
With these preliminaries we start our RG alulation. The inompressible MHD equations in the Fourier spae are
(−iω + νk2)ui (kˆ) = − i
2
P+ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)um(qˆ)− bj(pˆ)bm(qˆ)] , (136)
(−iω + ηk2) bi (kˆ) = −iP−ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)bm(qˆ)] , (137)
where
P+ijm(k) = kjPim(k) + kmPij(k), (138)
P−ijm(k) = kjδim − kmδij . (139)
Here ν and η are the visosity and the resistivity respetively, and d is the spae dimensionality.
In our RG proedure the wavenumber range (kN , k0) is divided logarithmially into N shells. The nth shell is
(kn, kn−1) where kn = h
nk0 (h < 1). In the following disussion, we arry out the elimination of the rst shell (k1, k0)
and obtain the modied MHD equations. We then proeed iteratively to eliminate higher shells and get a general
expression for the modied MHD equations. The renormalization group proedure is as follows:
1. We divide the spetral spae into two parts: 1. the shell (k1, k0) = k
>
, whih is to be eliminated; 2. (kN , k1) =
k<, set of modes to be retained. Note that ν(0) and η(0) denote the visosity and resistivity before the elimination
of the rst shell.
2. We rewrite Eqs. (136, 137) for k< and k>. The equations for u<i (kˆ) and b
<
i (kˆ) modes are(
−iω +Σuu(0)(k)
)
u<i (kˆ) + Σ
ub
(0)(k)b
<
i (kˆ) = −
i
2
P+ijm(k)
∫
dpˆ([u<j (pˆ)u
<
m(kˆ − pˆ)]
+2[u<j (pˆ)u
>
m(kˆ − pˆ)] + [u>j (pˆ)u>m(kˆ − pˆ)]
−Similar terms for b) (140)(
−iω +Σbb(0)(k)
)
b<i (kˆ) + Σ
bu
(0)(k)u
<
i (kˆ) = −iP−ijm(k)
∫
dpˆ([u<j (pˆ)b
<
m(kˆ − pˆ)]
+[u<j (pˆ)b
>
m(kˆ − pˆ) + u>j (pˆ)b<m(kˆ − pˆ)]
+[u>j (pˆ)b
>
m(kˆ − pˆ)]) (141)
The Σs appearing in the equations are usually alled the self-energy in Quantum eld theory language. In the
rst iteration, Σuu(0) = ν(0)k
2
and Σbb(0) = η(0)k
2
, while the other two Σs are zero. The equation for u>i (kˆ) modes
an be obtained by interhanging < and > in the above equations.
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3. The terms given in the seond and third brakets in the Right-hand side of Eqs. (140, 141) are alulated
perturbatively. Sine we are interested in the statistial properties of u and b utuations, we perform the usual
ensemble average of the system [193℄. We assume that u
>(kˆ) and b>(kˆ) have gaussian distributions with zero
mean, while u
<(kˆ) and b<(kˆ) are unaeted by the averaging proess. Hene,〈
u>i (kˆ)
〉
= 0 (142)〈
b>i (kˆ)
〉
= 0 (143)〈
u<i (kˆ)
〉
= u<i (kˆ) (144)〈
b<i (kˆ)
〉
= b<i (kˆ) (145)
and 〈
u>i (pˆ)u
>
j (qˆ)
〉
= Pij(p)C
uu(pˆ)δ(pˆ+ qˆ) (146)〈
b>i (pˆ)b
>
j (qˆ)
〉
= Pij(p)C
bb(pˆ)δ(pˆ+ qˆ) (147)〈
u>i (pˆ)b
>
j (qˆ)
〉
= Pij(p)C
ub(pˆ)δ(pˆ+ qˆ) (148)
The triple order orrelations
〈
X>i (kˆ)X
>
j (pˆ)X
>
m(qˆ)
〉
are zero due to Gaussian nature of the utuations. Here, X
stands for u or b. In addition, we also neglet the ontribution from the triple nonlinearity
〈
X<(kˆ)X<j (pˆ)X
<
m(qˆ)
〉
,
as done in many of the turbulene RG alulations [120, 193℄. The eets of triple nonlinearity an be inluded
following the sheme of Zhou and Vahala [203℄.
4. To the rst order, the seond braketed terms of Eqs. (140, 141) vanish, but the nonvanishing third braketed
terms yield orretions to Σs. Refer to Appendix C for details. Eqs. (140, 141) an now be approximated by
(
−iω +Σuu(0) + δΣuu(0)
)
u<i (kˆ) +
(
Σub(0) + δΣ
ub
(0)
)
b<i (kˆ) = −
i
2
P+ijm(k)
∫
dpˆ[u<j (pˆ)u
<
m(kˆ − pˆ)
−b<j (pˆ)b<m(kˆ − pˆ)] (149)(
−iω +Σbb(0) + δΣbb(0)
)
b<i (kˆ) +
(
Σbu(0) + δΣ
bu
(0)
)
u<i (kˆ) = −iP−ijm(k)
∫
dpˆ[u<j (pˆ)b
<
m(kˆ − pˆ)] (150)
with
δΣuu(0)(k) =
1
(d− 1)
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S(k, p, q)Guu(pˆ)Cuu(qˆ)− S6(k, p, q)Gbb(pˆ)Cbb(qˆ)
+S6(k, p, q)G
ub(pˆ)Cub(qˆ)− S(k, p, q)Gbu(pˆ)Cub(qˆ)] (151)
δΣub(0)(k) =
1
(d− 1)
∫ ∆
pˆ+qˆ=kˆ
dpˆ[−S(k, p, q)Guu(pˆ)Cub(qˆ) + S5(k, p, q)Gub(pˆ)Cuu(qˆ)
+S(k, p, q)Gbu(pˆ)Cbb(qˆ)− S5(k, p, q)Gbb(pˆ)Cub(qˆ)] (152)
δΣbu(0)(k) =
1
(d− 1)
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S8(k, p, q)G
uu(pˆ)Cub(qˆ) + S10(k, p, q)G
bb(pˆ)Cub(qˆ)
+S12(k, p, q)G
ub(pˆ)Cbb(qˆ)− S7(k, p, q)Gbu(pˆ)Cuu(qˆ)] (153)
δΣbb(0)(k) =
1
(d− 1)
∫ ∆
pˆ+qˆ=kˆ
dpˆ[−S8(k, p, q)Guu(pˆ)Cbb(qˆ) + S9(k, p, q)Gbb(pˆ)Cuu(qˆ)
+S11(k, p, q)G
ub(pˆ)Cub(qˆ)− S9(k, p, q)Gbu(pˆ)Cub(qˆ)] (154)
The quantities Si(k, p, q) are given in the Appendix C. The integral ∆ is to be done over the rst shell.
5. The full-edge alulation of Σ's is quite involved. Therefore, we take two speial ases: (1) NonAlfvéni:
Cub = 0 or σc = 0; and (2) Alfvéni: C
ub ≈ Cuu ≈ Cbb or σc → 1. In this subsubsetion we will disuss only
the ase σc = 0. The other ase will be taken up in the next subsubsetion. A word of aution is in order here.
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In our alulation the parameters used σc(k) = 2C
ub(k)/(Cuu(k)+Cbb(k)) and rA(k) = E
u(k)/Eb(k) are taken
to be onstants, even though they ould be a funtion of k. Also note that these parameters ould dier from
the global σc and rA, yet we assume that they are probably loser to the global value.
When σc = 0, an inspetion of the self-energy diagrams shows that Σ
ub = Σbu = 0, and Gub = Gbu = 0. Clearly,
the equations beome muh simpler beause of the diagonal nature of matries G and Σ, and the two quantities
of interest δΣuu(0) and δΣ
bb
(0) are given by
δΣuu(0)(kˆ) =
1
d− 1
∫ ∆
pˆ+qˆ=kˆ
dpˆ
(
S(k, p, q)Guu(p)Cuu(q)− S6(k, p, q)Gbb(p)Cbb(q)
)
(155)
δΣbb(0)(kˆ) =
1
d− 1
∫ ∆
pˆ+qˆ=kˆ
dpˆ
(−S8(k, p, q)Guu(p)Cbb(q) + S9(k, p, q)Gbb(p)Cuu(q)) (156)
6. The frequeny dependene of the orrelation funtion are taken as: Cuu(k, ω) = 2Cuu(k)ℜ(Guu(k, ω)) and
Cbb(k, ω) = 2Cbb(k)ℜ(Gbb(k, ω)). In other words, the relaxation time-sale of orrelation funtion is assumed to
be the same as that of orresponding Green's funtion. Sine we are interested in the large time-sale behaviour
of turbulene, we take the limit ω going to zero. Under these assumptions, the frequeny integration of the
above equations yield
δν(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d[
S(k, p, q)Cuu(q)
ν(0)(p)p2 + ν(0)(q)q2
− S6(k, p, q)C
bb(q)
η(0)(p)p2 + η(0)(q)q2
]
]
(157)
δη(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d[
− S8(k, p, q)C
bb(q)
ν(0)(p)p2 + η(0)(q)q2
+
S9(k, p, q)C
uu(q)
η(0)(p)p2 + ν(0)(q)q2
]
]
(158)
Note that ν(k) = Σuu(k)/k2 and η(k) = Σbb(k)/k2. There are some important points to remember in the above
step. The frequeny integral in the above is done using ontour integral. It an be shown that the integrals are
nonzero only when both the omponents appearing the denominator are of the same sign. For example, rst
term of Eq. (158) is nonzero only when both ν(0)(p) and η(0)(q) are of the same sign.
7. Let us denote ν(1)(k) and η(1)(k) as the renormalized visosity and resistivity respetively after the rst step of
wavenumber elimination. Hene,
ν(1)(k) = ν(0)(k) + δν(0)(k); (159)
η(1)(k) = η(0)(k) + δη(0)(k) (160)
We keep eliminating the shells one after the other by the above proedure. After n+ 1 iterations we obtain
ν(n+1)(k) = ν(n)(k) + δν(n)(k) (161)
η(n+1)(k) = η(n)(k) + δη(n)(k) (162)
where the equations for δν(n)(k) and δη(n)(k) are the same as the Eqs. (157, 158) exept that ν(0)(k) and η(0)(k)
appearing in the equations are to be replaed by ν(n)(k) and η(n)(k) respetively. Clearly ν(n+1)(k) and η(n+1)(k)
are the renormalized visosity and resistivity after the elimination of the (n+ 1)th shell.
8. We need to ompute δν(n) and δη(n) for various n. These omputations, however, require ν(n) and η(n). In our
sheme we solve these equations iteratively. In Eqs. (157, 158) we substitute C(k) by one dimensional energy
spetrum E(k)
C(uu,bb)(k) =
2(2π)d
Sd(d− 1)k
−(d−1)E(u,b)(k)
where Sd is the surfae area of d-dimensional spheres. We assume that E
u(k) and Eb(k) follow Eqs. (133, 134)
respetively. Regarding ν(n) and η(n), we attempt the following form of solution
(ν, η)(n)(knk
′) = (Ku)1/2Π1/3k−4/3n (ν
∗, η∗)(n)(k
′)
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Figure 21: The plots of ν∗(k′) (solid) and η∗(k′) (dashed) vs. k′ for d = 3 and σc = 0, rA = 1. The values onverge. Adopted
from Verma [181℄.
with k = kn+1k
′ (k′ < 1). We expet ν∗(n)(k
′) and η∗(n)(k
′) to be a universal funtions for large n. The substitution
of Cuu(k), Cbb(k), ν(n)(k), and η(n)(k) yields the following equations:
δν∗(n)(k
′) =
1
(d− 1)
∫
p'+q'=k'
dq'
2
(d− 1)Sd
Eu(q′)
q′d−1
[S(k′, p′, q′)
1
ν∗(n)(hp
′)p′2 + ν∗(n)(hq
′)q′2
−S6(k′, p′, q′) r
−1
A
η∗(n)(hp
′)p′2 + η∗(n)(hq
′)q′2
] (163)
δη∗(n)(k
′) =
1
(d− 1)
∫
p'+q'=k'
dq'
2
(d− 1)Sd
Eu(q′)
q′d−1
[−S8(k′, p′, q′) 1
ν∗(n)(hp
′)p′2 + η∗(n)(hq
′)q′2
+S9(k
′, p′, q′)
r−1A
η∗(n)(hp
′)p′2 + ν∗(n)(hq
′)q′2
] (164)
ν∗(n+1)(k
′) = h4/3ν∗(n)(hk
′) + h−4/3δν∗(n)(k
′) (165)
η∗(n+1)(k
′) = h4/3η∗(n)(hk
′) + h−4/3δη∗(n)(hk
′) (166)
where the integrals in the above equations are performed iteratively over a region 1 ≤ p′, q′ ≤ 1/h with the
onstraint that p′ + q′ = k′. Fournier and Frish [55℄ showed the above volume integral in d dimension to be
∫
p′+q′=k′
dp′ = Sd−1
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)
d−3
, (167)
where α is the angle between vetors p′ and q′.
9. Now we solve the above four equations self onsistently for various rAs. We have taken h = 0.7. This value is
about middle of the range (0.55-0.75) estimated to be the reasonable values of h by Zhou et al. [201℄. We start
with onstant values of ν∗(0) and η
∗
(0), and ompute the integrals using Gauss quadrature tehnique. One δν
∗
(0)
and δη∗(0) have been omputed, we an alulate ν
∗
(1) and η
∗
(1). We iterate this proess till ν
∗
(m+1)(k
′) ≈ ν∗(m)(k′)
and η∗(m+1)(k
′) ≈ η∗(m)(k′), that is, till they onverge. We have reported the limiting ν∗ and η∗ whenever the
solution onverges. The riterion for onvergene is that the error must be less than 1%. This riterion is usually
ahieved by n = 10 or so. The result of our RG analysis is given below.
Verma arried out the RG analysis for various spae dimensions and found that the solution onverged for all d > dc ≈
2.2. Hene, the RG xed-point for MHD turbulene is stable for d ≥ dc. For illustration of onvergent solution, see
the plot of ν∗(n)(k
′) and η∗(n)(k
′) for d = 3, rA = 1 in Fig. 21. The RG xed point for d < dc is unstable. Refer to Fig.
22 for d = 2, rA = 1 as an example of an unstable solution. From this observation we an laim that Kolmogorov's
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Figure 22: The plots of ν∗(k′) (solid) and η∗(k′) (dashed) vs. k′ for d = 2 and σc = 0, rA = 1. There is no onvergene.
Adopted from Verma [181℄.
Table V: The values of ν∗, η∗, νuu∗, νub∗, ηbu∗, ηbb∗ for various spae dimensions d with rA = 1 and σc = 0.
d ν∗ η∗ Pr νuu∗ νub∗ ηbu∗ ηbb∗
2.1 ... ... ... ... ... ... ...
2.2 1.9 0.32 6.0 -0.041 1.96 -0.44 0.76
2.5 1.2 0.57 2.1 0.089 1.15 −0.15 0.72
3.0 1.00 0.69 1.4 0.20 0.80 0.078 0.61
4.0 0.83 0.70 1.2 0.27 0.56 0.21 0.49
10.0 0.51 0.50 1.0 0.23 0.28 0.22 0.28
50.0 0.23 0.23 1.0 0.11 0.12 0.11 0.12
100.0 0.14 0.14 1.0 0.065 0.069 0.066 0.069
powerlaw is a onsistent solution of MHD RG equations at least for d ≥ dc. Verma also omputed the ontribution to
renormalized visosity and resistivity from eah of the four terms u ·∇u,−b ·∇b,−u ·∇b,b ·∇u. These quantities are
denoted by νuu, νub, ηbu, and ηbb respetively. The values of asymptoti (k′ → 0 limit) ν∗,η∗, νuu, νub, ηbu, and ηbb
for various d and rA = 1 are displayed in Table V. The MHD equations an be written in terms of these renormalized
parameters as (
∂
∂t
+ νuuk2 + νubk2
)
u<i (k, t) = −
i
2
P+ijm(k)
∫
dp
(2π)d
[u<j (p, t)u
<
m(k− p, t)
−b<j (p, t)b<m(k − p, t)](
∂
∂t
+ ηbuk2 + ηbbk2
)
b<i (k, t) = −P−ijm(k)
∫
dp
(2π)d
[u<j (p, t)b
<
m(k− p, t)]
We multiply the above equations by u<∗i (k, t) and b
<∗
i (k, t) respetively and obtain the energy equation. When we
integrate the terms up to the last wavenumbers kN , the terms in the RHS vanish beause of detailed onservation of
energy in a triad interation (see Setion IIID). Therefore from the denition, we dedue that the energy asade
rate from inside of the X sphere (X <) to outside of the Y sphere (Y >) is
ΠX<Y > =
∫ kN
0
2νXY (k)k2EX(k)dk (168)
where X,Y denote u or b. From Table 1, we see that the sign of νuu hanges from positive to negative at d = 2.2; this
result is onsistent with the onlusions of Fournier and Frish [55℄, where they predit the reversal of the sign of eddy
visosity at d = 2.208. Even though Verma's RG alulation ould not be extended to d = 2 (beause of instability
of the xed point), it is reasonable to expet that for d = 2, νuuwill be negative, and Πu<u> will be negative onsistent
with the EDQNM results of Pouquet et al. [148℄, Ishizawa and Hattori [78℄, and numerial results of Dar et al. [45℄.
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Figure 23: The plot of asymptoti ν∗(square) and η∗(diamond) vs. d for σc = 0 and rA = 1. The uid ν
∗
(triangle) is also
plotted for referene. For large d, these values t quite well with predited d−1/2 urve. Adopted from Verma [181℄.
Table VI: The values of ν∗, η∗, νuu∗, νub∗, ηbu∗, ηbb∗ for various rA with d = 3 and σc = 0.
rA ν
∗ η∗ Pr νuu∗ νub∗ ηbu∗ ηbb∗
∞ 0.38 ... ... 0.38 ... ... ...
5000 0.36 0.85 0.42 0.36 1.4× 10−4 −0.023 0.87
100 0.36 0.85 0.42 0.36 7.3× 10−3 −0.022 0.87
5 0.47 0.82 0.57 0.32 0.15 4.7× 10−4 0.82
2 0.65 0.78 0.83 0.27 0.38 0.031 0.75
1 1.00 0.69 1.40 0.20 0.80 0.078 0.61
0.5 2.1 0.50 4.2 0.11 2.00 0.15 0.35
0.3 11.0 0.14 78 0.022 11.0 0.082 0.053
0.2 ... ... ... ... ... ... ...
For large d , ν∗ = η∗, and it dereases as d−1/2 (see Fig. 23); ν∗ for pure uid turbulene also dereases as d−1/2,
as shown in the same gure. This is evident from Eqs. (163,164) using the following arguments of Fournier et al. [57℄.
For large d
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)
d−3
... ∼ d−1/2, (169)
Sd−1
(d− 1)2 Sd
∼ 1
d2
(
d
2π
)1/2
,
S,−S6,−S8, S9(k′, p′, q′) = kpd(z + xy), (170)
whih leads to
ν∗δν∗ ∝ 1
d2
(
d
2π
)1/2
d−1/2d
hene ν∗ ∝ d−1/2. Also, from Eq. (170) it an be dedued that νuu∗ = νub∗ = ηbu∗ = ηbb∗ for large d, as is seen from
Table V.
Verma [181℄ also observed that the stability of RG xed point in a given spae dimension depends on Alfvén ratio
and normalized ross heliity. For example, for d = 2.2 the RG xed point is stable for rA ≥ 1, but unstable for
rA < 1. A detailed study of stability of the RG xed point is required to asertain the boundary of stability.
The values of renormalized parameters for d = 3 and various rA are shown in Table VI. For large rA (uid
dominated regime), ν∗ is lose to renormalized visosity of uid turbulene (rA = ∞), but η∗ is also nite. As rA is
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dereased, η∗ dereases but ν∗ inreases, or the Prandtl number Pr = ν/η inreases. This trend is seen till rA ≈ 0.25
when the RG xed point with nonzero ν∗ and η∗ beomes unstable, and the trivial RG xed point with ν∗ = η∗ = 0
beomes stable. This result suggests an absene of turbulene for rA below 0.25 (approximately). Note that in the
rA → 0 (fully magneti) limit, the MHD equations beome linear, hene there is no turbulene. Surprisingly, our RG
alulation suggests that turbulene disappear near rA = 0.25 itself.
Using the ux interpretation of renormalized parameters (Eq. [168℄), and from the values of renormalized parameters
in Table VI, we an dedue that energy uxes from kineti to kineti, magneti to magneti, and kineti to magneti
energies are always positive. The energy uxes from magneti energy to kineti energy is positive for 0.3 < rA < 2,
but hanges sign on further inrease of rA. The negative value of η
bu∗
indiates that the kineti energy at large
wavenumbers are transferred to the magneti energy at smaller wavenumbers (inverse transfer).
Verma found that the nal ν∗(k′) and η∗(k′) are onstant for small k′ but shifts toward zero for larger k′ (see Fig.
21). Similar behaviour has been seen by MComb and oworkers [125℄ for uid turbulene, and is attributed to the
neglet of triple nonlinearity. Triple nonlinearity for uid turbulene was rst inluded in the RG alulation by Zhou
and Vahala [202℄; similar alulation for MHD turbulene is yet to done.
Pouquet [148℄ and Ishizawa and Hattori [78℄ alulated νuu, νub, ηbu, ηbb for d = 2 using EDQNM (Eddy-damped
quasi-normal Markovian) approximation. Pouquet argued that ηbb is negative, while Ishizawa found it to be positive.
Unfortunately Verma's proedure annot be extended to d = 2. However, Verma laimed that the magneti energy
asade rate (Πb<b>) is positive for all d > dc beause η
bb > 0.
In the following subsetion we present Verma's alulation of renormalized visosity and resistivity for σc → 1 limit
[181℄.
2. Nonhelial Alfvéni MHD (HM = HK ;σc → 1):
Alfvéni MHD has high u-b orrelation or
〈|z+|2〉 ≫ 〈|z−|2〉. For this ase it is best to work with Elsässer
variables z± = u ± b. These types of utuations have been observed in the solar wind near the Sun. However,
by the time the solar wind approahes the Earth, the normalized ross heliity is normally lose to zero. In this
setion we will briey disuss the RG treatment for the above ase. For the following disussion we will denote〈|z−|2〉 / 〈|z+|2〉 = r = (1− σc)/(1 + σc). Clearly r ≪ 1.
MHD equations in terms of Elsässer variables are
(−iω + ν(0)±±k2) z±i (kˆ) + ν(0)±∓k2z∓i (kˆ) = −iMijm(k)
∫
dkˆz∓j (pˆ)z
±
m(kˆ − pˆ).
Note that the above equations ontain four dissipative oeients ν±± and ν±∓ instead of usual two onstants
ν± = (ν ± η)/2. The +− symmetry is broken when r 6= 1. RG generates the other two onstants. We arry out
the same proedure as outlined in the previous RG alulation. After n + 1 steps of the RG alulation, the above
equations beome[−iω + (ν(n)±±(k) + δν(n)±±(k)) k2] z±<i (kˆ)
+
(
ν(n)±∓(k) + δν(n)±∓(k)
)
k2z∓<i (kˆ) = −iMijm(k)
∫
dpˆz∓<j (pˆ)z
±<
m (kˆ − pˆ) (171)
with
δν(n)++(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
++
(n) (pˆ)C
−−(qˆ) + S2(k, p, q)G
+−
(n) (pˆ)C
−−(qˆ)
+S3(k, p, q)G
−+
(n) (pˆ)C
+−(qˆ) + S4(k, p, q)G
−−
(n) (pˆ)C
+−(qˆ)] (172)
δν(n)+−(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
+−
(n) (pˆ)C
−+(qˆ) + S2(k, p, q)G
++
(n) (pˆ)C
−+(qˆ)
+S3(k, p, q)G
−−
(n) (pˆ)C
++(qˆ) + S4(k, p, q)G
−+
(n) (pˆ)C
++(qˆ)] (173)
where the integral is performed over the (n+1)th shell (kn+1, kn). The equations for the other two δνs an be obtained
by interhanging + and − signs. Now we assume that the Alfvén ratio is one, i.e., C+− = Eu − Eb = 0. Under this
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ondition, the above equations redue to
δν(n)++(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
++
(n) (pˆ) + S2(k, p, q)G
+−
(n) (pˆ)]C
−−(qˆ) (174)
δν(n)+−(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S3(k, p, q)G
−−
(n) (pˆ) + S4(k, p, q)G
−+
(n) (pˆ)]C
++(qˆ) (175)
δν(n)−+(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S3(k, p, q)G
++
(n) (pˆ) + S4(k, p, q)G
+−
(n) (pˆ)]C
−−(qˆ) (176)
δν(n)−−(k) =
1
(d− 1)k2
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S1(k, p, q)G
−−
(n) (pˆ) + S2(k, p, q)G
−+
(n) (pˆ)]C
++(qˆ) (177)
The inspetion of Eqs. (174177) reveal that ν++ and ν−+ are of the order of r. Hene, we take the νˆ matrix to be
of the form
νˆ(k, ω) =
(
rζ α
rψ β
)
(178)
It is onvenient to transform the frequeny integrals in Eqs. (174-177) into temporal integrals, whih yields
δν(n)++(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d
∫ t
−∞
dt′[S1(k, p, q)G
++
(n) (p, t− t′)
+S2(k, p, q)G
+−
(n) (p, t− t′)]C−−(q, t− t′)] (179)
and similar forms for equations for other νs. Green's funtion Gˆ(k, t− t′) = exp−[νˆk2(t− t′)] an be easily evaluated
by diagonalizing the matrix νˆ. The nal form of Gˆ(k, t− t′) to leading order in r is
Gˆ(k, t− t′) =
(
1− rαψβ2 (1− exp (−β(t− t′))) −
{
α
β +
rα
β
(
ζ
β − 2αψβ2
)}
(1− exp (−β(t− t′)))
− rψβ (1− exp (−β(t− t′))) exp (−β(t− t′)) + rαψβ2 (1− exp (−β(t− t′)))
)
The orrelation matrix Cˆ(k, t− t′) is given by(
C++(k, t− t′) C+−(k, t− t′)
C−+(k, t− t′) C−−(k, t− t′)
)
= Gˆ(k, t− t′)
(
C++(k) C+−(k)
C−+(k) C−−(k)
)
(180)
The substitution of orrelation funtions and Green's funtions yield the following expressions for the elements of δνˆ
δζ(n)(k) =
1
(d− 1)k2
∫ ∆ dp
(2π)d
C+(q){S1(k, p, q) 1
β(n)(q)q2
+S2(k, p, q)
α(n)(p)
β(n)(p)
(
1
β(n)(p)p2 + β(n)(q)q2
− 1
β(n)(q)q2
)
−S3(k, p, q)
α(n)(q)
β(n)(q)
(
1
β(n)(p)p2 + β(n)(q)q2
− 1
β(n)(p)p2
)
} (181)
δα(n)(k) =
1
(d− 1)k2
∫ ∆ dp
(2π)d
S3(k, p, q)
C+(q)
β(n)(p)p2
(182)
δψ(n)(k) =
1
(d− 1)k2
∫ ∆ dp
(2π)d
C+(q){S3(k, p, q) 1
β(n)(q)q2
+S2(k, p, q)
α(n)(q)
β(n)(q)
(
1
β(n)(p)p2 + β(n)(q)q2
− 1
β(n)(p)p2
)
+S4(k, p, q)
α(n)(p)
β(n)(p)
1
β(n)(q)q2
} (183)
δβ(n)(k) =
1
(d− 1)k2
∫ ∆ dp
(2π)d
S1(k, p, q)
C+(q)
β(n)(p)p2
(184)
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Note that δα, δβ, δζ, δψ, and hene α, β, ζ, ψ, are all independent of r. To solve the above equations we substitute
the following one-dimensional energy spetra in the above equations:
E+(k) = K+
(Π+)
4/3
(Π−)2/3
k−5/3 (185)
E−(k) = rE+(k), (186)
For the elements of νˆ we substitute
Z(n)(k) = Z
∗
(n)
√
K+
(Π+)
2/3
(Π−)
1/3
k−4/3 (187)
where Z stands for ζ, α, ψ, β. The renormalized Z∗s are alulated using the proedure outlined in the previous
setion. For large n their values for d = 3 are
Zˆ∗ =
(
0.86r 0.14
0.16r 0.84
)
, (188)
and for d = 2 they are
Zˆ∗ =
(
0.95r 0.54
1.10r 0.54
)
(189)
Note that the solution onverges for both d = 2 and d = 3.
As disussed in the earlier setion, the asade rates Π± an be alulated from the renormalized parameters
disussed above. Using the energy equations we an easily derive the equations for the asade rates, whih are
Π+ =
∫ kN
0
2rζk2E+(k) +
∫ kN
0
2αk2(Eu(k)− Eb(k)) (190)
Π− =
∫ kN
0
2βk2E−(k) +
∫ kN
0
2rψk2(Eu(k)− Eb(k)) (191)
Under the assumption that rA = 1, the parts of Π
±
proportional to (Eu(k)−Eb(k)) vanish. Hene, the total asade
rate will be
Π =
1
2
(Π+ +Π−) (192)
= r
∫ kN
0
(ζ + β)k2E+(k) (193)
Sine ζ and β are independent of r, the total asade rate is proportional to r (for r small). Clearly the asade rate
Π vanishes when r = 0 or σc = 1. This result is onsistent with the fat that the nonlinear interations vanishes for
pure Alfvén waves (z+ or z−). The detailed alulation of the asade rates Π± and the onstants K± is presented
in Setion VIIIA 2.
Now we will present the renormalization group analysis for helial MHD.
3. Helial nonAlfvéni MHD (HM 6= 0;HK 6= 0; σc = 0):
Helial MHD is dened for spae dimension d = 3. Verma [184℄ performed the RG analysis for helial MHD. His
method moves along the same lines as that applied for nonhelial MHD (Setion VIID 1). All the steps are the same
exept Eqs. (146,147) are replaed by
〈
u>i (pˆ)u
>
j (qˆ)
〉
=
[
Pij(p)C
uu(pˆ)− iǫijl pl
p2
HK(pˆ)
]
(2π)4δ(pˆ+ qˆ) (194)〈
b>i (pˆ)b
>
j (qˆ)
〉
=
[
Pij(p)C
bb(pˆ)− iǫijlplHM (pˆ)
]
(2π)4δ(pˆ+ qˆ) (195)
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Note that u-b orrelation has been taken to be zero in our alulation. Beause of heliities, the equations for hange
in renormalized self-energy (157, 158) get altered to
δν(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d
[
S(k, p, q)Cuu(q) + S′(k, p, q)HK(q)
ν(0)(p)p2 + ν(0)(q)q2
−S6(k, p, q)C
bb(q) + S′6(k, p, q)HM (q)
η(0)(p)p2 + η(0)(q)q2
],
δη(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d
[−S8(k, p, q)C
bb(q) + S′8(k, p, q)HM (q)
ν(0)(p)p2 + η(0)(q)q2
+
S9(k, p, q)C
uu(q) + S′9(k, p, q)HK(q)
η(0)(p)p2 + ν(0)(q)q2
],
where S′i dened below an be shown to be zero.
S′(k, p, q) = P+bjm(k)P
+
mab(p)ǫjalql = 0,
S′6(k, p, q) = P
+
ajm(k)P
−
mba(p)ǫjalql = 0,
S′8(k, p, q) = P
−
ijm(k)P
+
jab(p)ǫmalqlPib(k) = 0,
S′9(k, p, q) = P
−
ijm(k)P
−
mab(p)ǫjalqlPib(k) = 0.
The argument for vanishing of S′ is follows. Sine δν and δη are proper salars and HM,K are pseudo salars,
S′i(k, p, q) will be pseudo salars. In addition, S
′
i(k, p, q) are also linear in k, p and q. This implies that S
′
i(k, p, q) must
be proportional to q · (k×p), whih will be zero beause k = p+ q. Hene all S′i(k, p, q) turn out to be zero. Hene,
heliities do not alter the already alulated δ(ν, η)(n)(k) in Setion VIID 1. Zhou [198℄ arrived at a similar onlusion
while alulating the renormalized visosity for helial uid turbulene.
E. RG Calulations of MHD Turbulene using YO's Perturbative Sheme
In YO's perturbative sheme for uid turbulene, orretions to visosity, vertex, and noise are omputed on shell
elimination. After that reurrene relations are written for these quantities, and xed points are sought. The nontrivial
xed point provides us with spetral exponents et.
In MHD turbulene there are more variables than uid turbulene. If ross heliity is zero, we an manage with
orretions to (1) visosity and resistivity, (2) three verties orresponding to (u ·∇)u, (b ·∇)b, and (u ·∇)b−(b ·∇)u,
and (3) two noise parameters orresponding to the veloity and magneti elds respetively [58℄. In terms of Elsässer
variables, we get similar terms. These alulations have been performed by Lee [99℄, Fournier et al. [58℄, Camargo
and Tasso [27℄, Liang and Diamond [103℄, Berera and Hohberg [9℄, Longope and Sudan [106℄, and Basu [4℄. Note
that in 1965 itself Lee [99℄ had written all the Feynman diagrams for dressed Green's funtions, noise, and vertex,
but ould not ompute the dressed Green's funtion or orrelation funtion.
A brief omments on all the above work are as follows. In almost all the following work, ross heliity is taken to
be zero.
1. Fournier, Sulem, and Pouquet
Fournier et al. [58℄ were the rst to perform RG alulation for MHD turbulene in 1982. Dierent regimes were
obtained depending on spae dimension, external driving (noise), and uid harateristis like Prandtl number. The
trivial and kineti regimes exist in any spae dimension. Here, the dissipative oeients, visosity and resistivity,
are renormalized, and they have the same saling. Turbulent magneti Prandtl number depends on spae dimension
only and tends to 1 when d→∞.
The magneti regime is found only for d > dc ≈ 2.8. The eet of the small-sales kineti energy on the large sales
is negligible, and the renormalization of the oupling is only due to the small sales magneti energy. The turbulent
magneti Prandtl number is innite for dc < d < d
′
c ≈ 4.7, while for d > d′c, it has a nite value whih tends to 1 as
d→∞.
No magneti regime an be omputed by the RG for d < dc. Also, in d < 3, the ontribution of the magneti small
sales to the turbulent diusivity is negative and tends to destabilize the magneti large sales. In d = 2 or lose to
2, the eletromagneti fore produes unbounded nonlinear eets on large sales, making RG inappliable.
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2. Camargo and Tasso
Camargo and Tasso [27℄ performed RG analysis using z± variables. They derived ow equations for the Prandtl
number. They showed that eetive resistivity ould be negative, but eetive visosity is always positive.
3. Liang and Diamond
Liang and Diamond [103℄ applied RG for 2D uid and MHD turbulene. They found that no RG xed point exists
for both these systems. They attributed this phenomena to dual-asade.
4. Berera and Hohberg [9℄
Berera and Hohberg's [9℄ RG analysis showed that Kolmogorov-like 5/3, KID's 3/2, or any other energy spetra
an be obtained by a suitable hoie of the spetrum of the injeted noise. They also report forward asade for both
energy and magneti heliity.
5. Longope and Sudan
Longopee and Sudan [106℄ applied RG analysis to Redued Magnetohydrodynamis (RMHD) and obtained eetive
values of the visosity and resistivity at large-sales.
F. Callan-Symanzik Equation for MHD Turbulene
This sheme is equivalent to Wilson's RG sheme of shell elimination. For details of this sheme, refer to the book
by Adzhemyan [1℄. Hnatih, Honkonen, and Jurisin [76℄ performed RG analysis based on two parameters, spae
dimension and noise spetral index. They showed that the kineti xed point is stable for d ≥ 2, but the magneti
xed point is stable only for d > dc ≈ 2.46. Adzhemyan et al. [2℄ applied quantum-eld approah to MHD turbulene
and performed a detailed RG analysis.
G. Other Analyti Tehniques in MHD Turbulene
Diret Interation Approximation [84℄ is very popular in uid turbulene. In fat, some researhers (e.g., Kraihnan
[87℄) argue in favour of DIA over RG. One problem of DIA is that the integral for Green's funtion diverges (infrared
divergene), and one needs to introdue a infrared uto [102℄. In any ase, there are only a few DIA alulations for
MHD turbulene. Verma and Bhattaharjee [188℄ applied DIA to ompute Kolmogorov's onstant in MHD turbulene
assuming 5/3 energy spetrum. Note however that their self-energy matrix is not quite orret, and should be replaed
by that given in Setion VIID 2. Nakayama [136℄ performed one suh alulation based on KID's saling for Green's
funtion and orrelation funtions.
There are some interesting work by Montgomery and Hatori [131℄, and Montgomery and Chen [129, 130℄ using sale
separation. They omputed the eets of small sales on the large-sale magneti eld, and found that heliity ould
enhane the magneti eld. They have also omputed the orretions to the transport parameters due to small-sale
elds. Note that RG shemes are superior to these shemes beause they inlude all the interation terms. For details,
the reader is referred to the original papers.
Now let us ompare the various results disussed above. One ommon onlusion is that the magneti (dominated)
xed point near d = 2 is unstable, however, authors report dierent ritial dimension dc. Both Fournier et al. [58℄
and Verma nd that magneti Pr = 1 as d → ∞. For 2D uid turbulene, Liang and Diamond's [103℄ argued that
RG xed point is unstable. This result is in disagreement with our self-onsistent RG (see Appendix D). To sum up,
RG alulations for MHD turbulene appears to be quite involved, and there are many unresolved issues.
In uid turbulene, there are some other interesting variations of eld-theoreti alulations by DeDominiis and
Martin [47℄, Bhattaharjee [10℄, Carati [29℄ and others. In MHD turbulene, however, these types of alulations are
less.
In the next setion we will ompute energy uxes for MHD turbulene using eld-theoreti tehniques.
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VIII. FIELD-THEORETIC CALCULATION OF ENERGY FLUXES AND SHELL-TO-SHELL ENERGY
TRANSFER
In this setion we present alulation of energy uxes in MHD turbulene. The omputation was arried out by
Verma [182, 184, 185℄ for the inertial-range wavenumbers using perturbative self-onsistent eld-theoreti tehnique.
He assumed the turbulene to be homogeneous and isotropi. Even though the real-world turbulene do not satisfy
these properties, many onlusions drawn using these assumption provide us with important insights into the energy
transfer mehanisms at small sales. Verma assumed that the mean magneti eld is absent; this assumption was
made to ensure that the turbulene is isotropi. The eld-theoreti proedure requires Fourier spae integrations of
funtions involving produts of energy spetrum and the Greens funtions. Sine there is a general agreement on
Kolmogorov-like spetrum for MHD turbulene, Verma took E(k) ∝ k−5/3 for all the energy spetra. For the Greens
funtion, he substituted the renormalized or dressed Greens funtion omputed by Verma [181℄ (see Setion VIID).
A. Field-theoreti Calulation of Energy Fluxes
The eld-theoreti alulation for arbitrary ross heliity, Alfvén ratio, magneti heliity, and kineti heliities is
quite intratable, therefore Verma performed the alulation in the following three limiting ases: (1) Nonhelial
nonAlfvéni MHD (HM = HK = Hc = 0), (2) Nonhelial Alfvéni MHD (HM = HK = 0, σc → 1), and (3) Helial
nonAlfvéni MHD (HM 6= 0, HK 6= 0, Hc = 0). Energy ux alulation for eah of these ases is desribed below.
1. Nonhelial nonAlfvéni MHD (HM = HK = Hc = 0)
As desribed in Setion III F the energy ux from inside of the X-sphere of radius k0 to outside of the Y -sphere of
the same radius is
ΠX<Y> (k0) =
1
(2π)dδ(k′ + p+ q)
∫
k′>k0
dk′
(2π)d
∫
p<k0
dp
(2π)d
〈S(k′|p|q)〉 (196)
where X and Y stand for u or b. Verma assumed that the kineti energy is fored at small wavenumbers.
Verma [185℄ analytially alulated the above energy uxes in the inertial range to leading order in perturbation
series. It was assumed that u(k) is quasi-gaussian as in EDQNM approximation. Under this approximation, the triple
orrelation 〈XXX〉 is zero to zeroth order, but nonzero to rst oder. To rst order 〈XXX〉 is written in terms of
〈XXXX〉, whih is replaed by its Gaussian value, a sum of produts of seond-order moment. Consequently, the
ensemble average of SYX ,
〈
SYX
〉
, is zero to the zeroth order, but is nonzero to the rst order. The rst order terms
for
〈
SYX(k|p|q)〉 in terms of Feynman diagrams are given in Appendix C. They are given below in terms of Green's
funtions and orrelation funtions:
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〈Suu(k|p|q)〉 =
∫ t
−∞
dt′(2π)d[T1(k, p, q)G
uu(k, t− t′)Cuu(p, t, t′)Cuu(q, t, t′)
+T5(k, p, q)G
uu(p, t− t′)Cuu(k, t, t′)Cuu(q, t, t′)
+T9(k, p, q)G
uu(q, t− t′)Cuu(k, t, t′)Cuu(p, t, t′)]δ(k′ + p+ q) (197)〈
Sub(k|p|q)〉 = − ∫ t
−∞
dt′(2π)d[T2(k, p, q)G
uu(k, t− t′)Cbb(p, t, t′)Cbb(q, t, t′)
+T7(k, p, q)G
bb(p, t− t′)Cuu(k, t, t′)Cbb(q, t, t′)
+T11(k, p, q)G
uu(q, t− t′)Cuu(k, t, t′)Cbb(p, t, t′)]δ(k′ + p+ q) (198)〈
Sbu(k|p|q)〉 = − ∫ t
−∞
dt′(2π)d[T3(k, p, q)G
bb(k, t− t′)Cuu(p, t, t′)Cbb(q, t, t′)
+T6(k, p, q)G
uu(p, t− t′)Cbb(k, t, t′)Cbb(q, t, t′)
+T12(k, p, q)G
bb(q, t− t′)Cbb(k, t, t′)Cuu(p, t, t′)]δ(k′ + p+ q) (199)〈
Sbb(k|p|q)〉 = ∫ t
−∞
dt′(2π)d[T4(k, p, q)G
bb(k, t− t′)Cbb(p, t, t′)Cuu(q, t, t′)
+T8(k, p, q)G
bb(p, t− t′)Cbb(k, t, t′)Cuu(q, t, t′)
+T10(k, p, q)G
uu(q, t− t′)Cbb(k, t, t′)Cbb(p, t, t′)]δ(k′ + p+ q) (200)
where Ti(k, p, q) are funtions of wavevetors k, p, and q given in Appendix C.
The Greens funtions an be written in terms of eetive or renormalized visosity ν(k) and resistivity η(k)
omputed in Setion VIID 1
Guu,bb(k, t− t′) = θ(t− t′) exp (−[ν(k), η(k)]k2(t− t′))
The relaxation time for Cuu,(k, t, t′) [Cbb(k, t, t′)] is assumed to be the same as that of Guu(k, t, t′) [Gbb(k, t, t′)℄.
Therefore the time dependene of the unequal-time orrelation funtions will be
Cuu,bb(k, t, t′) = θ(t− t′) exp (−[ν(k), η(k)]k2(t− t′))Cuu,bb(k, t, t)
The above forms of Green's and orrelation funtions are substituted in the expression of
〈
SYX
〉
, and the t′ integral
is performed. Now Eq. (196) yields the following ux formula for Πu<u>(k0):
Πu<u>(k0) =
∫
k>k0
dk
(2π)d
∫
p<k0
dp
(2π)d
1
ν(k)k2 + ν(p)p2 + ν(q)q2
× [T1(k, p, q)Cuu(p)Cuu(q)
+T5(k, p, q)C
uu(k)Cuu(q) + T9(k, p, q)C
uu(k)Cuu(p)]. (201)
The expressions for the other uxes an be obtained similarly.
The equal-time orrelation funtions Cuu(k, t, t) and Cbb(k, t, t) at the steady-state an be written in terms of one
dimensional energy spetrum as
Cuu,bb(k, t, t) =
2(2π)d
Sd(d− 1)k
−(d−1)Eu,b(k),
where Sd is the surfae area of d-dimensional unit spheres. We are interested in the uxes in the inertial range.
Therefore, Verma substituted Kolmogorov's spetrum [Eqs.(133,134)℄ for the energy spetrum. The eetive visosity
and resistivity are proportional to k−4/3, i.e.,
[ν, η](k) = (Ku)1/2Π1/3k−4/3[ν∗, η∗],
and the parameters ν∗ and η∗ were alulated in Setion VIID 1.
Verma nondimensionalized Eq. (201) by substituting [102℄
k =
k0
u
; p =
k0
u
v; q =
k0
u
w. (202)
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Table VII: The omputed values of energy uxes in MHD turbulene for various rA when d = 3 and σc = 0.
Π/rA 5000 100 5 1 0.5 0.3 Trend
Πu<u>/Π 1 0.97 0.60 0.12 0.037 0.011 Dereases
Πu<b> /Π 3.4× 10
−4 1.7× 10−2 0.25 0.40 0.33 0.36 Inreases then saturates
Πb<u>/Π −1.1× 10
−4 −5.1× 10−3 −0.05 0.12 0.33 0.42 Inreases then saturates
Πb<b>/Π 2.7× 10
−4 1.3× 10−2 0.20 0.35 0.30 0.21 Inreases then dips
K+ 1.53 1.51 1.55 1.50 1.65 3.26 Approx. onst till rA ≈ 0.5
Ku 1.53 1.50 1.29 0.75 0.55 0.75 Derease
Appliation of Eq. (167) yields
ΠX<Y> = (K
u)3/2Π
[
4Sd−1
(d− 1)2Sd
∫ 1
0
dv ln (1/v)
∫ 1+v
1−v
dw(vw)d−2(sinα)d−3FX<Y> (v, w)
]
, (203)
where the integrals FX<Y > (v, w) are
Fu<u> =
1
ν∗(1 + v2/3 + w2/3)
[t1(v, w)(vw)
−d− 23 + t5(v, w)w
−d− 23 + t9(v, w)v
−d− 23 ], (204)
F b<u> = −
1
ν∗ + η∗(v2/3 + w2/3)
[t2(v, w)(vw)
−d− 23 r−2A ,
+t7(v, w)w
−d− 23 r−1A + t11(v, w)v
−d− 23 r−1A ], (205)
Fu<b> = −
1
ν∗v2/3 + η∗(1 + w2/3)
[t3(v, w)(vw)
−d− 23 r−1A ,
+t6(v, w)w
−d− 23 r−2A + t12(v, w)v
−d− 23 r−1A ] (206)
F b<b> =
1
ν∗w2/3 + η∗(1 + v2/3)
[t4(v, w)(vw)
−d− 23 r−1A
+t8(v, w)w
−d− 23 r−1A + t10(v, w)v
−d− 23 r−2A ]. (207)
Here ti(v, w) = Ti(k, kv, kw)/k
2
. Note that the energy uxes are onstant, onsistent with the Kolmogorov's piture.
Verma omputed the braketed terms (denoted by IX<Y > ) numerially using Gaussian-quadrature method, and found
all of them to be onvergent. Let us denote I = Iu<u> + I
b<
u> + I
u<
b> + I
b<
b> . Using the fat that the total ux Π is
Π = Πu<u> +Π
b<
u> +Π
u<
b> +Π
b<
b>, (208)
onstant Ku an be alulated as
Ku = (I)−2/3. (209)
The energy ux ratios an be omputed using ΠX<Y>/Π = I
X<
Y > /I. The value of onstant K an be omputed using
Eq. (135). The ux ratios and Kolmogorov's onstant for d = 3 and various rA are listed in Table VII.
The following trends an be inferred by studying Table VII. We nd that for d = 3, Πu<u>/Π starts from 1 for large
rA and dereases nearly to zero near rA = 0.3. All other uxes start from zero or small negative values, and inrease
up to some saturated values. Near rA ≈ 1, all the energy uxes beome signiant. All the uxes are positive exept
for Πb<u>, whih is negative for rA greater than 3 (kineti energy dominated state). Hene, both kineti and magneti
energies ow from large length sale to small length sale. However, in kineti energy dominated situations, there
is an energy transfer from small-sale kineti energy to large-sale magneti eld (Inverse energy asade). Negative
Πb<u> for rA > 3 is onsistent with negative value of η
bu∗
omputed in Se. VIID 1.
The quantity of speial interest is Πb<b>, whih is positive indiating that magneti energy asades from large length-
sale to small length-sale. The Kolmogorov onstant K for d = 3 is listed in Table VII. For all rA greater than 0.5,
K is approximately onstant and is lose to 1.6, same as that for uid turbulene (rA =∞).
Verma's method mentioned above annot be used to ompute energy transfer Πu<b< from the large-sale kineti
energy to the large-sale magneti energy beause the foring wavenumbers (large sales) do not obey Kolmogorov's
powerlaw. Verma [185℄ attempted to ompute these using steady-state assumption
Πu<b< = Π
b<
b> +Π
b<
u>.
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Table VIII: The omputed values of energy uxes in MHD turbulene for various spae dimensions d when rA = 1 and σc = 0.
Π/d 2.1 2.2 2.5 3 4 10 100
Πu<u>/Π - 0.02 0.068 0.12 0.17 0.23 0.25
Πu<b> /Π - 0.61 0.49 0.40 0.34 0.27 0.25
Πb<u>/Π - -0.027 0.048 0.12 0.18 0.23 0.25
Πb<b>/Π - 0.40 0.39 0.35 0.31 0.27 0.25
K+ - 1.4 1.4 1.5 1.57 1.90 3.46
Ku - 0.69 0.72 0.75 0.79 0.95 1.73
Unfortunately, shell-to-shell energy transfer studies (Setion VIII B) reveal that in kineti regime (rA > 1), u-shells
lose energy to b-shells; while in magnetially dominated situations (rA < 1), b-shells lose energy to u-shells. Hene,
steady-state MHD is not possible exept near rA = 1. Therefore, Verma's predition of Π
u<
b< based on steady-state
assumption is inorret. However, Πb<b> +Π
b<
u> an still be used as an estimate for Π
u<
b< .
We ompute total kineti energy ux Πu = Πu<u> +Π
u<
b> , and total magneti energy ux Π
b = Πb<b> +Π
b<
u>. We nd
that Eu ∝ (Πu)2/3 and Eb ∝ (Πb)2/3 for all rA. Hene,
Eu,b = K1,2
(
Πu,b
)2/3
k−5/3, (210)
where the onstants K1,2 are somewhat independent of rA unlike K
u
.
Now let us ompare the theoretial values with their numerial ounterparts reported in Setion VI. Haugen et
al. [75℄ reported that for Eb/Eu ≈ 0.5, Πu ≈ 0.3 and Πb ≈ 0.7. These numbers math with our theoretial values
very well. However, the preliminary numerial results of Olivier et al. [46℄ agree with the theoretial values only
qualitatively. Further numerial simulations are required to test the above theoretial preditions.
The values of energy ux-ratios and Kolmogorov's onstant for various spae dimensions (when rA = 1) are listed in
Table VIII. In Setion VIID 1 it has been shown that for d < 2.2, the RG xed point is unstable, and the renormalized
parameters ould not be determined. Due to that reason we have alulated uxes and Kolmogorov's onstant for
d ≥ 2.2 only. For large d it is observed that all the ux ratios are equal, and Kolmogorov's onstant is proportional
to d1/3. It an be explained by observing that for large d
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)
d−3
... ∼ d−1/2, (211)
Sd−1
(d− 1)2 Sd
∼ 1
d2
(
d
2π
)1/2
,
ν∗ = η∗ ∼ d−1/2 (212)
t1 = −t3 = −t5 = t7 = kpd(z + xy), (213)
and t9 = t11 = 0. Using Eq. (213) it an be shown that all F
X<
Y > are equal for large d, whih implies that all the ux
ratios will be equal. By mathing the dimensions, it an be shown that K ∝ d−1/3. This result is a generalization of
theoretial analysis of Fournier et al. [55℄ for uid turbulene.
In this subsetion we alulated the asade rates for σc = 0. In the next subsetion we take the other limit σc → 1.
2. Nonhelial Alfvéni MHD (HM = HK = 0, σc → 1)
In z± variables, there are only two types of uxes Π±, one for the z+ asade and the other for z− asade. These
energy uxes Π± an be omputed using
Π±(k0) =
1
(2π)dδ(k′ + p+ q)
∫
k′>k0
dk′
(2π)d
∫
p<k0
dp
(2π)d
〈
S±(k′|p|q)〉 . (214)
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Verma [185℄ alulated the above uxes to the leading order in perturbation series. The Feynman diagrams are given
in Appendix B. To rst order, 〈S±(k′|p|q)〉 are
〈
S±(k′|p|q)〉 = ∫ t
−∞
dt′(2π)d[T13(k, p, q)G
±±(k, t− t′)C±∓(p, t, t′)C∓±(q, t, t′)
+T14(k, p, q)G
±±(k, t− t′)C±±(p, t, t′)C∓∓(q, t, t′)
+T15(k, p, q)G
±∓(k, t− t′)C±±(p, t, t′)C∓∓(q, t, t′)
+T16(k, p, q)G
±∓(k, t− t′)C±∓(p, t, t′)C∓±(q, t, t′)
+T17(k, p, q)G
±±(p, t− t′)C±∓(k, t, t′)C∓±(q, t, t′)
+T18(k, p, q)G
±±(p, t− t′)C±±(k, t, t′)C∓∓(q, t, t′)
+T19(k, p, q)G
±∓(p, t− t′)C±±(k, t, t′)C∓∓(q, t, t′)
+T20(k, p, q)G
±∓(p, t− t′)C±±(k, t, t′)C∓∓(q, t, t′)
+T21(k, p, q)G
∓±(q, t− t′)C±∓(k, t, t′)C±±(p, t, t′)
+T22(k, p, q)G
∓±(q, t− t′)C±±(k, t, t′)C±∓(p, t, t′)
+T23(k, p, q)G
∓∓(q, t− t′)C±±(k, t, t′)C±∓(p, t, t′)
+T24(k, p, q)G
∓∓(q, t− t′)C±∓(k, t, t′)C±±(p, t, t′)]δ(k′ + p+ q), (215)
where Ti(k, p, q) are given in Appendix A.
Verma onsidered the ase when r = E−(k)/E+(k) is small. In terms of renormalized νˆ matrix, Green's funtion
and orrelation funtions alulated in Setion VIID 2, we obtain the following expression for Π± in leading order in
r:
Π± = r
(Π+)2
Π−
(K+)3/2
[
4Sd−1
(d− 1)2Sd
∫ 1
0
dv ln (1/v)
∫ 1+v
1−v
dw(vw)d−2(sinα)d−3F±(v, w)
]
, (216)
where the integrand F± are
F+ = t13(v, w)(vw)
−d−2/3 1
β∗w2/3
+ t14(v, w)(vw)
−d−2/3 α
∗
β∗
{
1
β∗(1 + w2/3)
− 1
β∗w2/3
}
+t15(v, w)w
−d−2/3 1
β∗w2/3
+ t16(v, w)w
−d−2/3 α
∗
β∗
{
1
β∗(v2/3 + w2/3)
− 1
β∗w2/3
}
+t17(v, w)v
−d−2/3 α
∗
β∗
{
1
β∗(v2/3 + w2/3)
− 1
β∗w2/3
}
+t18(v, w)v
−d−2/3 α
∗
β∗
{
1
β∗(1 + w2/3)
− 1
β∗w2/3
}
, (217)
F− = t13(v, w)(vw)
−d−2/3 1
β∗(1 + v2/3)
+ t15(v, w)w
−d−2/3 1
β∗(1 + v2/3)
, (218)
where ti(v, w) = Ti(k, kv, kw)/k
2
. Here we assumed that rA = 1. We nd that some of the terms of Eq. (215) are of
higher order, and they have been negleted.
The braketed term of Eq. (216), denoted by I±, are omputed numerially. The integrals are nite for d = 2 and
3. Also note that I± are independent of r. Now the onstant K± of Eq. (216) is omputed in terms of I±; they
are listed in Table IX. The onstants K± depend very sensitively on r. Also, there is a hange of behaviour near
r = (I−/I+)2 = rc; K
− < K+ for r < rc, whereas inequality reverses for r beyond rc.
Many important relationships an be dedued from the equations derived above. For example,
Π−
Π+
=
I−
I+
(219)
Sine I± are independent of r, we an immediately onlude that the ratio Π−/Π+ is also independent of r. This is
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Table IX: The omputed values of Kolmogorov's onstants for σc → 1 and rA = 1 limit for various r = E
−/E+ (d = 2, 3).
d r K+ K−
0.17 1.4 1.4
0.10 2.1 1.2
3 0.07 2.7 1.07
10−3 45 0.26
0.2 0.72 3.1
d r K+ K−
0.1 1.2 2.4
0.07 1.5 2.2
2 0.047 1.9 1.9
10−3 25 0.52
10−6 2480 0.052
an important onlusion derivable from the above alulation. From the above equations one an also derive
K+ =
1
r2/3
(I−)2/3
(I+)4/3
(220)
K− = r1/3
(I+)2/3
(I−)4/3
(221)
K−
K+
= r
(
I+
I−
)2
(222)
The total energy asade rate an be written in terms of E+(k) as
Π =
1
2
(Π+ + Π−) =
r
2
(I+ + I−)(E+(k))3/2k5/2 (223)
Sine I± are independent of r, Π is a linear funtion of r. As expeted the energy ux vanishes when r = 0.
In this setion, we have dealt with strong turbulene. For weak turbulene, Lithwik and Goldreih [105℄ have
solved Alfvéni MHD equations using kineti theory.
3. Helial nonAlfvéni MHD (HM 6= 0,HK 6= 0,Hc = 0):
Now we present omputation of asade rates of energy and magneti heliity for helial MHD (HM 6= 0, HK 6= 0)
[184℄. Here d = 3. To simplify the equation, we onsider only nonAlfvéni utuations (σc = 0). We start with the
ux formulas of energy (Eq. [196℄) and magneti heliity
ΠHM (k0) =
1
(2π)dδ(k′ + p+ q)
∫
k′>k0
dk′
(2π)3
∫
p<k0
dp
(2π)3
〈
SHM (k′|p|q)〉 . (224)
The alulation proedure is idential to that of nonhelial nonAlfvéni MHD. The only dierene is that additional
terms appear in
〈
SYX(k′|p|q)〉 (Eq. [197-200℄) beause terms 〈ui(k, t)uj(k, t′)〉 and 〈bi(k, t)bj(k, t′)〉 ontain heliities
in addition to orrelation funtions:
〈ui(p, t)uj(q, t′)〉 = [Pij (p)Cuu(p, t, t′)− iǫijlklHM (k, t, t′)] δ(p+ q) (2π)3 ,
〈bi(p, t)bj(q, t′)〉 =
[
Pij (p)C
bb(p, t, t′)− iǫijlklHM (k, t, t
′)
k2
]
δ(p+ q) (2π)
3
.
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Substitutions of these funtions in perturbative series yield
〈Suu(k′|p|q)〉 =
∫ t
−∞
dt′(2π)3 [T1(k, p, q)G
uu(k, t− t′)Cu(p, t, t′)Cu(q, t, t′)
+T ′1(k, p, q)G
uu(k, t− t′)HK(p, t, t
′)
p2
HK(q, t, t
′)
q2
+T5(k, p, q)G
uu(p, t− t′)Cu(k, t, t′)Cu(q, t, t′)
+T ′5(k, p, q)G
uu(p, t− t′)HK(k, t, t
′)
k2
HK(q, t, t
′)
q2
+T9(k, p, q)G
uu(q, t− t′)Cu(k, t, t′)Cu(p, t, t′)
+T ′9(k, p, q)G
uu(q, t− t′)HK(k, t, t
′)
k2
HK(p, t, t
′)
p2
δ(k′ + p+ q) (225)
〈
Sub(k′|p|q)〉 = − ∫ t
−∞
dt′(2π)3
[
T2(k, p, q)G
uu(k, t− t′)Cb(p, t, t′)Cb(q, t, t′)
+T ′2(k, p, q)G
uu(k, t− t′)HM (p, t, t′)HM (q, t, t′)
+T7(k, p, q)G
bb(p, t− t′)Cu(k, t, t′)Cb(q, t, t′)
+T ′7(k, p, q)G
bb(p, t− t′)HK(k, t, t
′)
k2
HM (q, t, t
′)
+T11(k, p, q)G
uu(q, t− t′)Cu(k, t, t′)Cb(p, t, t′)
+T ′11(k, p, q)G
uu(q, t− t′)HK(k, t, t
′)
k2
HM (p, t, t
′)
]
δ(k′ + p+ q) (226)
〈
Sbu(k′|p|q)〉 = − ∫ t
−∞
dt′(2π)3
[
T3(k, p, q)G
bb(k, t− t′)Cu(p, t, t′)Cb(q, t, t′)
+T ′3(k, p, q)G
bb(k, t− t′)HK(p, t, t
′)
p2
HM (q, t, t
′)
+T6(k, p, q)G
uu(p, t− t′)Cb(k, t, t′)Cb(q, t, t′)
+T ′6(k, p, q)G
uu(p, t− t′)HM (k, t, t′)HM (q, t, t′)
+T12(k, p, q)G
bb(q, t− t′)Cb(k, t, t′)Cu(p, t, t′)
+T ′12(k, p, q)G
bb(q, t− t′)HM (k, t, t′)HK(p, t, t
′)
p2
]
δ(k′ + p+ q) (227)
〈
Sbb(k′|p|q)〉 = ∫ t
−∞
dt′(2π)3
[
T4(k, p, q)G
bb(k, t− t′)Cb(p, t, t′)Cu(q, t, t′)
+T ′4(k, p, q)G
bb(k, t− t′)HM (p, t, t′)HK(q, t, t
′)
q2
+T8(k, p, q)G
bb(p, t− t′)Cb(k, t, t′)Cu(q, t, t′)
+T ′8(k, p, q)G
bb(p, t− t′)HM (k, t, t′)HK(q, t, t
′)
q2
+T10(k, p, q)G
uu(q, t− t′)Cb(k, t, t′)Cb(p, t, t′)
+T ′10(k, p, q)G
uu(q, t− t′)HM (k, t, t′)HM (p, t, t′)] δ(k′ + p+ q) (228)
The funtions Ti(k, p, q) and T
′
i (k, p, q) are given in Appendix C. Note that T
′
i (k, p, q) are the additional terms as
ompared to nonhelial ux (see Eqs. [197-200℄).
The quantity
〈
SHM (k′|p|q)〉 of Eq. (83) simplies to
〈
SHM (k′|p|q)〉 = 1
2
ℜ [ǫijm 〈bi(k′)uj(p)bm(q)〉
−ǫjlm kikl
k2
〈ui(q)bm(k′)bj(p)〉
+ǫjlm
kikl
k2
〈bi(q)bm(k′)uj(p)〉
]
, (229)
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whih is omputed perturbatively to the rst order. The orresponding Feynman diagrams are given in Appendix C.
The resulting expression for
〈
SHM (k'|p|q)
〉
is
〈
SHM (k'|p|q)
〉
=
∫ t
−∞
dt′(2π)3
[
T31(k, p, q)G
bb(k, t− t′)HK(p, t− t
′)
p2
Cb(q, t− t′)
+T32(k, p, q)G
bb(k, t− t′)Cuu(p, t− t′)HM (q, t− t′)
+T33(k, p, q)G
uu(p, t− t′)HM (k, t− t′)Cbb(q, t− t′)
+T34(k, p, q)G
uu(p, t− t′)Cbb(k, t− t′)HM (q, t− t′)
+T35(k, p, q)G
bb(q, t− t′)HM (k, t− t′)Cuu(p, t− t′)
+T36(k, p, q)G
bb(q, t− t′)Cbb(k, t− t′)HK(p, t− t
′)
p2
+T37(k, p, q)G
bb(k, t− t′)HM (p, t− t′)Cuu(q, t− t′)
+T38(k, p, q)G
bb(k, t− t′)Cbb(p, t− t′)HK(q, t− t
′)
q2
+T39(k, p, q)G
bb(p, t− t′)HM (k, t− t′)Cuu(q, t− t′)
+T40(k, p, q)G
bb(p, t− t′)Cbb(k, t− t′)HK(q, t− t
′)
q2
+T41(k, p, q)G
uu(q, t− t′)HM (k, t− t′)Cbb(p, t− t′)
+T42(k, p, q)G
uu(q, t− t′)Cbb(k, t− t′)HM (p, t− t′)}
+T43(k, p, q)G
bb(k, t− t′)HK(p, t− t
′)
p2
Cbb(q, t− t′)
+T44(k, p, q)G
bb(k, t− t′)Cuu(p, t− t′)HM (q, t− t′)}
+T45(k, p, q)G
uu(p, t− t′)HM (k, t− t′)Cbb(q, t− t′)
+T46(k, p, q)G
uu(p, t− t′)Cbb(k, t− t′)HM (q, t− t′)
+T47(k, p, q)G
bb(q, t− t′)HM (k, t− t′)Cuu(p, t− t′)
+T48(k, p, q)G
bb(q, t− t′)Cbb(k, t− t′)HK(p, t− t
′)
p2
δ(k′ + p+ q) (230)
For Greens' funtions and orrelation funtions the same substitutions were made as in nonhelial ase. For heliities,
the following assumptions were made: the relaxation time-sales for HK(k, t, t
′) and HM (k, t, t
′) are (ν(k)k2)−1and
(η(k)k2)−1 respetively, i.e.,
HK,M (k, t, t
′) = HK,M (k, t, t)θ(t− t′) exp
{−[ν, η]k2(t− t′)}.
The spetra of heliities are triky. In the presene of magneti heliity, the alulations based on absolute equilibrium
theories suggest that the energy asades forward, and the magneti heliity asades bakward [62℄. Verma did not
onsider the inverse asade region of magneti heliity, and omputed energy uxes for the forward energy asade
region (5/3 powerlaw).
The heliities were written in terms of energy spetra as
HK(k) = rKkE
u(k) (231)
HM (k) = rM
Eb(k)
k
(232)
The ratios rA, rM , and rK were treated as onstants. In pure uid turbulene, kineti heliity spetrum is proportional
to k−5/3, ontrary to the assumption made here. The asade piture of magneti heliity is also not quite lear.
Therefore, Verma [184℄ performed the alulations for the simplest spetra assumed above.
The above form of orrelation and Green's funtions were substituted in the expressions for
〈
SYX(k′|p|q)〉 and〈
SHM (k′|p|q)〉. These S's were then substituted in the ux formulas (Eqs. [196, 224℄). After performing the following
hange of variable:
k =
k0
u
; p =
k0
u
v; q =
k0
u
w (233)
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Table X: The values of IXY = (Π
X
Y /Π)/(K
u)1.5 alulated using Eqs. (234, 235) for rA = 1 and 5000.
rA = 1 rA = 5000
Iu<u> 0.19 − 0.10r
2
K 0.53− 0.28r
2
K
Iu<b> 0.62 + 0.3r
2
M + 0.095rKrM 1.9× 10
−4 + 1.4 × 10−9r2M + 2.1× 10
−5rKrM
Ib<u> 0.18 − 2.04r
2
M + 1.93rKrM −5.6× 10
−5 − 1.1× 10−7r2M + 5.4 × 10
−4rKrM
Ib<b> 0.54 − 1.9r
2
M + 2.02rKrM 1.4× 10
−4 − 1.02 × 10−7r2M + 5.4× 10
−4rKrM
IHM -25rM + 0.35rK −4.1× 10
−3rM + 8.1× 10
−5rK
Ku 0.78 1.53
Table XI: The values of energy ratios ΠXY /Π for various values of rA, rK and rM for k
−5/3
region. The rst and seond entries
are the nonhelial and helial ontributions respetively.
(rA, rK , rM ) Π
u<
u>/Π Π
u<
b> /Π Π
b<
u>/Π Π
b<
b>/Π
(1,0.1,-0.1) (0.13,−6.9× 10−4) (0.43,−4.4× 10−4) (0.13,−0.027) (0.37,−0.027)
(1, 0.1, 0.1) (0.12,−6.5× 10−4) (0.40, 8.1× 10−4) (0.12,−7.7× 10−4) (0.35, 8.3× 10−4)
(1, 1,−1) (0.029,−0.015) (0.095,−9.9× 10−3) (0.028,−0.61) (0.083,−0.60)
(1, 1, 1) (0.12,−0.064) (0.39, 0.079) (0.12,−0.075) (0.34, 0.081)
(1, 0, 1) (0.081, 0) (0.26, 0.013) (0.078,−0.86) (0.23,−0.8)
(5000, 0.1,−0.1) (1.0, (3.2× 10−4, (−9.7× 10−5, (2.5× 10−4,
−5.3× 10−3) −3.7× 10−7) −9.0× 10−6) −9.4× 10−4
(5000, 0.1, 0.1) (1.0, (3.2× 10−4, (−9.7× 10−5, (2.5× 10−4,
−5.3× 10−3) 3.7 × 10−7) 9.0× 10−6) 9.4× 10−6)
one obtains the following nondimensional form of the equation in the 5/3 region
ΠX<Y >(k0)
|Π(k0)| = (K
u)3/2
[
1
2
∫ 1
0
dv ln (1/v)
∫ 1+v
1−v
dw(vw) sin αFX<Y >
]
(234)
ΠHM (k0)
|Π(k0)| =
1
k0
(Ku)3/2
[
1
2
∫ 1
0
dv(1 − v)
∫ 1+v
1−v
dw(vw) sin αFHM
]
(235)
where the integrands (FX<Y > , FHM ) are funtion of v, w, ν
∗
, η∗, rA, rK and rM [185℄.
Verma [184℄ omputed the terms in the square brakets, IX<Y> , using Gaussian-quadrature method. The onstant
Ku was alulated using the fat that the total energy ux Π is sum of all ΠX<Y> . For parameters (rA = 5000, rK =
0.1, rM = −0.1), Ku = 1.53, while for (rA = 1, rK = 0.1, rM = −0.1), Ku = 0.78. After that the energy ux ratios
ΠX<Y >/Π ould be alulated. Table X ontains these values for rA = 1 and rA = 5000. These ratios for some of the
spei values of rA, rK and rM are listed in Table XI. The energy ux has been split into two parts: nonhelial
(independent of heliity, the rst term of the braket) and helial (dependent on rK and/or rM , the seond term of
the braket).
An observation of the results shows some interesting patterns. The values of nonhelial part of all the ux-ratios
are quite similar to those disussed in Setion VIIIA 1. All the uxes exept Πb<u>nonhelical (Π
b<
u>nonhelical < 0 for
rA > 3 ) are always positive. As a onsequene, in nonhelial hannel, magneti energy asades from large sales to
small sales for rA < 3.
The sign of Πu<u>helical is always negative, i.e., kineti heliity redues the Kineti energy ux. But the sign of helial
omponent of other energy uxes depends quite ruially on the sign of heliities. From the entries of Table X, we
see that
Πb<(b>,u>)helical = −ar2M + brMrK , (236)
where a and b are positive onstants. If rMrK < 0, the large-sale magneti eld will get positive ontribution from
both the terms in the right-hand-side of the above equation. The EDQNM work of Pouquet et al. [150℄ and numerial
simulations of Brandenburg [22℄ with foring (kineti energy and kineti heliity) typially have rKrM < 0. Hene,
we an laim that heliity typially indues an inverse energy asade via Πb<b> and Π
b<
u>. These uxes will enhane
the large-sale magneti eld.
The helial and nonhelial ontributions to the uxes for rA = 5000, rK = 0.1, rM = −0.1 is shown in Table
XI. The ux ratios shown in the table do not hange appreiably as long as rA > 100 or so. The three uxes
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responsible for the growth of large-sale magneti energy are nonhelial (Πu<b< ≈ Πb<b> + Πb<u>)/Π ≈ 2.6 × 10−4, and
helial Πb<b>helical/Π ≈ −10−5 and Πb<u>helical/Π ≈ −10−5. The ratio of nonhelial to helial ontribution is of the order
of 10. Hene, for the large-sale magneti energy growth, the nonhelial ontribution is omparable to the helial
ontribution. Note that in the earlier papers on dynamo, the helial part is strongly emphasized, and nonhelial
omponent is typially ignored.
From the entries of Table XI we an infer that the for small and moderate rK and rM , the inverse energy asade
into the large-sale magneti eld is less than the the forward nonhelial energy ux Πb<b>. While for helial MHD
(rK , rM → 1), the inverse helial asade dominates the nonhelial magneti-to-magneti energy asade.
The ux ratio ΠHM /Π of Eqs. (235) an be omputed using the same proedure. The numerial values of the
integrals are shown in Tables X and XI. Clearly,
ΠHM (k0) =
1
k0
(−drM + erK) (237)
where d and e are positive onstants. In 5/3 regime, the magneti heliity is not onstant, and is inversely proportional
to k0. The ontribution fromHM dominates that from HK and is of opposite sign. For positive HM , the magneti
heliity asade is bakward. This result is in agreement with Frish et al.'s [62℄ predition of an inverse asade
of magneti heliity using Absolute equilibrium theory. Verma's theoretial result on inverse asade of HM is in
agreement with the results derived using EDQNM alulation [150℄ and numerial simulations [152℄. Reader is also
referred to Oughton and Prandi [141℄ for the eets of kineti heliity on the deay of magneti energy.
When the system is fored with positive kineti heliity (rK > 0), Eq. (237) indiates a forward asade of magneti
heliity. This eet ould be the reason for the observed prodution of positive magneti heliity at small sales by
Brandenburg [22℄. Beause of magneti heliity onservation, he also nds negative magneti heliity at large-sales.
Now, positive kineti heliity and negative magneti heliity at large-sales may yield an inverse asade of magneti
energy (see Eq. [236℄). This ould be one of the main reason for the growth of magneti energy in the simulations of
Brandenburg [22℄.
After ompleting the disussion on energy uxes for MHD turbulene, we now move on to theoretial omputation
of shell-to-shell energy transfer.
B. Field-theoreti Calulation of Shell-to-shell Energy Transfer
Energy transfers between wavenumber shells provide us with important insights into the dynamis of MHD turbu-
lene. Kolmogorov's uid turbulene model is based on loal energy transfer between wavenumber shells. There are
several quantitative theories in uid turbulene about the amount of energy transfer between neighbouring wavenum-
ber shells. For examples, Kraihnan [86℄ showed that 35% of the energy transfer omes from wavenumber triads
where the smallest wave-number is greater than one-half of the middle wavenumber. In MHD turbulene, Pouquet
et al. [150℄ estimated the ontributions of loal and nonloal interations using EDQNM alulation. They argued
that large-sale magneti energy brings about equipartition of kineti and magneti exitations by the Alfvén eet.
The small-sale residual heliity (HK −HM ) indues growth of large-sale magneti energy. These results will be
ompared with our eld-theoreti results desribed below.
In this subsetion we will ompute the shell-to-shell energy transfer in MHD turbulene using eld-theoreti method
[186℄. The proedure is idential to the one desribed for MHD uxes. We will limit ourselves to nonAlfvéni MHD
(both nonhelial and helial). Reall that the energy transfer rates from m-th shell of eld X to n-th shell of eld Y
is
T YXnm =
∑
k′∈n
∑
p∈m
SYX(k′|p|q).
The p-sum is over m-th shell, and the k′-sum is over n-th shell (Setion III). The terms of SYX 's remain the same as
in ux alulation, however, the limits of the integrals are dierent. The shells are binned logarithmially with n-th
shell being (k0s
n−1, k0s
n). We nondimensionalize the equations using the transformation [102℄
k =
a
u
; p =
a
u
v; q =
a
u
w, (238)
where a = k0s
n−1
. The resulting equation is
T YXnm
Π
= K3/2u
4Sd−1
(d− 1)2Sd
∫ 1
s−1
du
u
∫ usm−n+1
usm−n
dv
∫ 1+v
|1−v|
dw (vw)
d−2
(sinα)
d−3
FYX(v, w), (239)
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whereFYX(v, w) was omputed for helial nonAlfvéni MHD ows (see Eq. [234℄). It inludes both nonhelial
FYXnonhelical(v, w) and helial F
YX
helical(v, w) omponents. The renormalized parameters ν
∗
, λ∗ and Kolmogorov's on-
stant Ku required to ompute T YXnm /Π are taken from the previous alulations. From Eq. (239) we an draw the
following inferenes:
1. The shell-to-shell energy transfer rate is a funtion of n−m, that is, Φnm = Φ(n−i)(m−i). Hene, the turbulent
energy transfer rates in the inertial range are all self-similar. Of ourse, this is true only in the inertial range.
2. T ubnm/Π = −T bumn/Π. Hene T bunm/Π an be obtained from T ubmn/Π by inversion at the origin.
3. ΠX<Y> =
∑∞
n=m+1(n−m)T YXnm .
4. Net energy gained by a u-shell from u-to-u transfer is zero beause of self similarity. However, a u-shell an gain
or lose a net energy due to imbalane between u-to-b and b-to-u energy transfers. By denition, we an show
that net energy gained by an inertial u-shell is∑
n
(
T ubnm − T bunm
)
+ T ubnn. (240)
Similarly, net energy gained by a b-shell from b-to-b transfer is zero. However, net energy gained by an inertial
b-shell due to u-to-b and b-to-u transfers is ∑
n
(
T bunm − T ubnm
)
+ T bunn. (241)
We ompute the integral of Eq. (239). we desribe the results in two separate parts: (1) nonhelial ontributions, (2)
helial ontributions.
1. Nonhelial Contributions:
We ompute nonhelial ontributions by turning o kineti and magneti heliities in FYX . We have hosen
s = 21/4. This study has been done for various values of Alfvén ratios. Fig. 24 ontains plots of T YXnm /Π vs n −m
for four typial values of rA = 0.5, 1, 5, 100. The numbers represent energy transfer rates from shell m to shells
m+ 1,m+ 2, ...in the right, and to shells m− 1,m− 2, ... in the left. All the plots are to same sale. For rA = 0.5,
maxima of T ubnm/Π and T
bu
nm/Π ours at m = n, and its values are ±1.40 respetively. The orresponding values for
rA = 5 are ∓0.78. By observing the plots we nd the following interesting patterns:
1. T uunm/Π is positive for n > m, and negative for n < m. Hene, a u-shell gains energy from smaller wavenumber
u-shells, and loses energy to higher wavenumber u-shells, implying that energy asade is forward. Also, the
absolute maximum ours for n = m ± 1, hene the energy transfer is loal. For kineti dominated regime,
s = 21/2 yields T uunm/Π ≈ 34%, similar to Kraihnan's Test Mean Field model (TFM) preditions [86℄.
2. T bbnm/Π is positive for n > m, and negative for n < m, and maximum for n = m±1. Hene magneti to magneti
energy transfer is forward and loal. This result is onsistent with the forward magneti-to-magneti asade
(Πb<b> > 0) disussed in Setion VIIIA 1.
3. For rA > 1 (kineti energy dominated), kineti to magneti energy transfer rate T
bu
nm/Π is positive for n ≥ m−1,
and negative otherwise. These transfers have been illustrated in Fig. 25(a). Using Eq. (241) we nd there is a
net energy transfer from kineti to magneti, and the net energy transfer rate dereases as we go toward rA = 1.
Here, eah u-shell loses net energy to b-shells, hene the turbulene is not steady. This phenomena is seen for
all rA > 1.
4. For rA = 0.5 (magnetially dominated), magneti to kineti energy transfer rate T
ub
nm/Π is positive for n ≥ m−1,
and negative otherwise (see Fig. 24). There is a net energy transfer from magneti to kineti energy; its
magnitude dereases as rA → 1. In addition, using Eq. (240) we nd that eah b-shell is losing net energy to
u-shells, hene the turbulene annot be steady. This phenomena is seen for all rA < 1.
5. The observations of (3) and (4) indiate that kineti to magneti or the reverse energy transfer rate almost
vanishes near rA = 1. We believe that MHD turbulene evolves toward rA ≈ 1 due to above reasons. For rA 6= 1,
MHD turbulene is not steady. This result is same as the predition of equipartition of kineti and magneti
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Figure 24: Theoretially alulated values of T Y Xnm /Π vs. n − m for zero heliities (σc = rK = rM = 0) and Alfvén ratios
rA = 0.5, 1, 4, 100.
Figure 25: Shemati illustration of nonhelial T Y Xnm /Π in the inertial range for (a) kineti-energy dominated regime, and (b)
magneti-energy dominated regime. In (a) T bunm/Π is positive for n ≥ m − 1, and negative otherwise, while in (b) T
ub
nm/Π is
positive for n ≥ m− 1, and negative otherwise. T uunm and T
bb
nm is forward and loal.
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Figure 26: Theoretially alulated values of helial ontributions to T Y Xnm /Π vs. n − m in helial MHD with rA = 1, rK =
0.1, rM = −0.1 and σc = 0.
energy due to Pouquet et al.'s using EDQNM alulation [150℄. Note however that the steady-state value of rA
in numerial simulations and solar wind is around 0.5-0.6. The dierene is probably beause realisti ows have
more interations than disussed above, e. g., nonloal oupling with foring wavenumbers. Careful numerial
simulations are required to larify this issue.
6. When rA is not lose to 1 (rA ≤ 0.5 or rA > 5), u-to-b shell-to-shell transfer involves many neighbouring shells
(see Fig. 24). This observation implies that u−b energy transfer is somewhat nonloal as predited by Pouquet
et al. [150℄.
7. We ompute energy uxes using T YXnm , and nd them to be the same as that omputed in Setion VIIIA 1.
Hene both the results are onsistent with eah other.
After the above disussion on nonhelial MHD, we move to helial MHD.
2. Helial Contributions:
Now we present omputation of shell-to-shell energy transfer for helial MHD (HM 6= 0, HK 6= 0) [184℄. To simplify
the equation, we onsider only nonAlfvéni utuations (σc = 0). In order to ompare the helial ontributions with
nonloal ones, we have hosen rA = 1, rK = 0.1, rM = −0.1. These are also the typial parameters hosen in numerial
simulations. For these parameters, Kolmogorov's onstant Ku = 0.78 (Setion VIIIA 3). In Figure we have plotted
T uunm/Π vs n−m. Our results of helial shell-to-shell transfers are given below:
1. Comparison of Fig. 26 with Fig. 24 (rA = 1) shows that helial transfers are order-of-magnitude lower that
nonhelial ones for the parameters hosen here (rA = 1, rK = 0.1, rM = −0.1). When the heliities are large
(rK → 1, rM → −1), then the helial and nonhelial values beome omparable.
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2. All the helial ontributions are negative for n > m, and positive for n < m. Hene, helial transfers are from
larger wavenumbers to smaller wavenumbers. This is onsistent with the inverse asade of energy due to helial
ontributions, as disussed in VIIIA 3.
3. We nd that T ubnm−helical and T
bb
nm−helical is signiant positive values for −50 < n − m ≤ 0. This signals a
nonloal b-to-b and u-to-b inverse energy transfers. Hene, heliity indues nonloal energy transfer between
wavenumber shells. This is in agreement with Pouquet et al.'s result [150℄ that residual heliity indues growth
of large-sale magneti eld by nonloal interations.
With this we onlude our disussion on shell-to-shell energy transfer rates in MHD turbulene.
C. EDQNM Calulation of MHD Turbulene
Eddy-damped quasi-normal Markovian (EDQNM) alulation of turbulene is very similar to the eld-theoreti
alulation of energy evolution. This sheme was rst invented by Orszag [140℄ for Fluid turbulene. Pouquet et al.
[150℄ were the rst to apply EDQNM sheme to MHD turbulene. Grappin et al. [72, 73℄, Pouquet [148℄, Ishizawa
and Hattori [78℄ and others have performed further analysis in this area. In the following disussion we will desribe
some of the key results.
In 1976 Pouquet et al. [150℄ onstruted a sheme to ompute evolution of MHD turbulene. See Pouquet et al.
[150℄ for details. Here Navier-Stokes or the MHD equations are symbolially written as(
d
dt
+ ζk2
)
X(k, t) =
∑
p+q=k
X(p, t)X(q, t),
where X stands for the elds u or b, X(p, t)X(q, t) represents all the nonlinear terms, and ζ is the dissipation
oeient (ν or η). The evolution of seond and third moment would be
(
d
dt
+ 2ζk2
)
〈X(k, t)X(−k, t)〉 =
∑
p+q=k
〈X(−k, t)X(p, t)X(q, t)〉 (242)
(
d
dt
+ ζ(k2 + p2 + q2)
)
〈X(−k, t)X(p, t)X(q, t)〉 =
∑
p+q+r+s=0
〈X(q, t)X(p, t)X(r, t)X(s, t)〉
If X were Gaussian, third-order moment would vanish. However, quasi-normal approximation gives nonzero triple
orrelation; here we replae 〈XXXX〉 by its Gaussian value, whih is a sum of produts of seond-order moments.
Hene,
〈X(−k, t)X(p, t)X(q, t)〉 =
∫ t
0
dτ exp−ζ(k2 + p2 + q2)(t− τ)
∑
p+q=k
[〈X(q, τ)X(−q, τ)〉 〈X(p, τ)X(p, τ)〉+ ...],
where ... refers to other produts of seond-order moments. The substitution of the above in Eq. (242) yields a losed
form equation for seond-order orrelation funtions. Orszag [140℄ disovered that the solution of the above equation
was plagued by problems like negative energy. To ure this problem, a suitable linear relaxation operator of the
triple orrelation (denoted by µ) was introdued (Eddy-damped approximation). In addition, it was assumed that the
harateristi evolution time of 〈XX〉 〈XX〉 is larger than (µkpq + ν(k2 + p2 + q2))−1(Markovian approximation). As
a result Pouquet et al. obtained the following kind of energy evolution equation(
d
dt
+ 2ζk2
)
〈X(k, t)X(−k, t)〉 =
∫
dpθkpq(t)
∑
p+q=k
[〈X(q, t)X(−q, t〉 〈X(p, t)X(−p, t〉+ ...], (243)
where
θkpq(t) = (1− exp−(µk + µp + µq)t) / (µk + µp + µq)
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with
µk = (ν + η) k
2 + Cs
(∫ k
0
dq
(
Eu(q) + Eb(q)
)
q2
)1/2
+
1√
3
k
(
2
∫ k
0
dqEb(q)
)1/2
. (244)
The rst, seond, and third terms represent visous and resistive dissipation rate, nonlinear eddy-distortion rate, and
Alfvén eet respetively. Pouquet et al. [150℄ also wrote the equations for kineti and magneti heliities, then they
evolved the equations for appropriate initial spetra and foring. Note that homogeneity and isotropy are assumed in
EDQNM analysis too.
The right-hand side of Eq. (243) is very similar to the perturbative expansion of S(k|p|q) (under t → ∞). The
term µk of Eq. (244) is nothing but the renormalized dissipative parameters. Thus, eld-theoreti tehniques for
turbulene is quite similar to EDQNM alulation. There is a bit of dierene however. In eld-theory, we typially
ompute asymptoti energy uxes in the inertial range. On the ontrary, energy is numerially evolved in EDQNM
alulations.
To obtain insights into the dynamis of turbulene, Pouquet et al. [150℄ omputed the ontributions of loal and
nonloal mode interations. In their onvention loal meant triads whose largest wavenumber is less than double of
the smallest wavenumber. In a triad (k, p, q) with k ≤ p ≤ q, a loality parameter a is dened using inequalities
k ≥ p/a and q ≤ ap. Also note that Pouquet et al.'s ow is nonAlfvéni (σc = 0).
The main results of Pouquet et al.'s [150℄ are as follows:
1. Pouquet et al. on Nonhelial Flows (HM = HK = 0)
In these ows an inertial-range develops with a asade of energy to small sales. To the lowest order, the energy
spetra was -3/2 powerlaw with an equipartition of kineti and magneti energy. There was a slight exess of magneti
energy with spetral index equals to −2.
Pouquet et al. studied the loal and nonloal interations arefully. Loal interations ause the energy asade,
but the nonloal ones lead to an equipartition of kineti and magneti energies. They obtained the following evolution
equations for energies:
∂tE
K
k |nl = −kΓk
(
EKk − EMk
)
, ∂tE
M
k |nl = kΓk
(
EKk − EMk
)
,
where Γk ∼ (EM )1/2 ∼ CA. Here nl stands for nonloal eet. The above equations learly indiate that kineti and
magneti energy get equipartitioned.
Note that equipartition of kineti and magneti energy is also borne out in our eld-theoreti alulation (based
on shell-to-shell energy transfer). However, eld-theoreti alulation shows that nonhelial MHD has predominantly
loal energy transfer.
2. Pouquet et al. on Helial Flows
When kineti heliity is injeted, an inverse asade of magneti heliity is obtained leading to the appearane of
magneti energy and heliity at larger sales. At smaller wavenumbers magneti heliity onverges to a quasi-stationary
spetrum with spetral index of -2 . Pouquet et al. derived the following evolution equations:
∂tE
M
k |nl = αRk k2HMk , ∂tHMk |nl = αRk EMk ,
with
αRk = −
4
3
∫ ∞
k/a
θkpq
(
HKq − q2HMq
)
dq.
αR is alled residual heliity. Pouquet et al. provide the following argument for magneti energy growth at smaller
wavenumbers. They argue that the inverse-asade proess results from the ompetition between heliity and Alfvén
eet. The residual heliity in the energy range (say k ∼ kE) indues a growth of magneti energy and heliity
at smaller wavenumber, say at k ∼ kE/2, due to heliity eet. However, growth of heliity near kE/2 tends to
redue residual heliity due to Alfvén eet. As a ombined eet, the inverse asade advanes further to smaller
wavenumbers.
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Our eld-theoreti alulation predits inverse magneti-energy asade due to heliity. The dependene of growth
rate of magneti energy on HK,M are qualitatively similar, however, there are quantitative dierenes (see Eq. [236℄).
Our eld-theory alulation show nonloal energy transfer for helial MHD similar to those obtained in EDQNM
alulations. However, the present eld-theoreti alulation annot take into aount heliities with both signs; this
feature needs further examination.
Brandenburg [22℄ studied the above proess using diret numerial simulation. His results are in qualitative agree-
ment with the EDQNM alulations.
3. Grappin et al. on Alfvéni MHD ows
Grappin et al. [72, 73℄ applied EDQNM sheme to Alfvéni MHD (σc 6= 0). They laimed that the spetral
exponents deviate strongly from KID's 3/2 exponent for strongly orrelated ows (m+ → 3 and m− → 0). Also refer
to Setion IVB3 for some of the phenomenologial arguments of Grappin et al.
Let us ompare Grappin et al.'s energy evolution equation (Table 2 of [72℄) with our eld-theoreti analysis of
Alfvéni MHD (see Eq. [215℄). Clearly, Grappin et al.'s relaxation time-sale is muh more simplied, and all
terms of expansion are not inluded. Also, hoie of KID's 3/2 powerlaw for energy spetrum is erroneous. These
assumptions lead to inonsistent onlusions, whih do not appear to agree with the numerial results and the solar
wind observations.
4. EDQNM for 2D MHD Flows
Pouquet [148℄ applied EDQNM sheme to 2D MHD turbulene. She found a forward energy asade to small sales,
but an inverse asade of squared magneti potential. She also laimed that small-sale magneti eld ats like a
negative eddy visosity on large-sale magneti eld.
Ishizawa and Hattori [78℄ also performed EDQNM alulation on 2D MHD and dedued that the eddy diusive
parameters νuu < 0, νub > 0, and νbu < 0 (see Setion VIID 1 for denition). However, νbb is positive if Eb(p) deays
faster than p−1 for large p, whih would be the ase for Kolmogorov-like ows. The above results are onsistent with
Dar et al.'s [45℄ numerial ndings for 2D MHD. Thus Ishizawa and Hattori's [78℄ and Dar et al. [45℄ results that
νbb > 0 are inonsistent with the Pouquet's above onlusions.
Here we lose our disussion on EDQNM and energy uxes. In the next setion we will disuss spetral properties
of anisotropi MHD turbulene.
IX. FIELD THEORY OF ANISOTROPIC MHD TURBULENCE
In Setion IV we had a preliminary disussion on anisotropy in MHD turbulene. In this subsetion, we will
apply eld-theoreti tehniques to anisotropi turbulene. The main results in this area are (1) Galtier et al.'s weak
turbulene analysis where E(k) ∝ k−2, and (2) Goldreih and Sridhar's theory of strong turbulene where
E(k⊥, k||) ∼ Π2/3k−10/3⊥ g
(
k||/k
2/3
⊥
)
.
Here we will desribe their work. For onsisteny and saving spae, we have reworked their alulation in our notation.
In uid turbulene, Carati and Brenig [30℄ applied renormalization-group method for anisotropi ows.
A. Galtier et al.'s weak turbulene analysis:
We start with Eq. (214). To rst order 〈S±(k′|p|q)〉 has many terms (see Eq. [215℄). However, we take 〈|z+|2〉 =〈|z−|2〉 and 〈z+(k) · z−(k)〉 = 0, whih yields the following two nonzero terms:
〈
S+(k′|p|q)〉 = −ℑ ∫ t
∞
dt′
∫
dp′dq′[
k′i(−iMjab(k′))G++(k′, t− t′)
〈
z−i (q, t)z
−
a (q
′, t′)
〉 〈
z+j (p, t)z
+
b (p
′, t′)
〉
+k′i(−iMjab(p))G++(p, t− t′)
〈
z−i (q, t)z
−
a (q
′, t′)
〉 〈
z+j (k
′, t)z+b (p
′, t′)
〉
] (245)
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Note that k′ = −k, and 〈S+(k′|p|q)〉 = 〈S−(k′|p|q)〉.
Beause of Alfvéni nature of utuations, the time dependene of Green's funtion and orrelation funtion will
be
G±±(k, t− t′) = θ(t− t′) exp [±ik ·B0(t− t′)],〈
z±i (k, t)z
±
j (k
′, t′)
〉
= θ(t− t′)C±±ij (k, t, t) exp [±ik ·B0(t− t′)].
The anisotropi orrelation orrelations C±±ij (k, t, t) is written as
C±±ij (k, t, t) = (2π)
d δ(k+ k′)
[
Pij(k)C1(k) + P
′
ij(k
′,n)C2(k)
]
(246)
with
P ′ij(k,n) =
(
ni − n · k
k2
ki
)(
nj − n · k
k2
kj
)
(247)
Here n is the unit vetor along the mean magneti eld. Along t1 and t2 of Fig. 1, the orrelation funtions are
C11 = C1(k) + C2(k) sin
2 θ and C22 = C1(k) respetively. These funtions are also alled poloidal and toroidal
orrelations respetively, and they orrespond to Galtier et al.'s funtions Φ and Ψ. The substitutions of the above
expressions in Eq. (245) yields 〈S+(k′|p|q)〉 in terms of C1,2(k).
The dt′ integral of Eq. (245) is
∫ t
−∞
dt′θ(t− t′) exp [i(−k+ p− q) ·B0(t− t′)] =
1− exp i(−q||B0 + iǫ)t
i(−2q||B0 + iǫ)
= iPr
1
2q||B0
+ πδ(2q||B0), (248)
where Pr stand for Prinipal value, and ǫ > 0. In the above alulation we have taken t → ∞ limit. Note that the
above integral makes sense only when ǫ is nonzero. When dt′ integral is substituted in Eq. (245), 〈S+(k′|p|q)〉 will
be nonzero through πδ(2q||B0) of Eq. (248). The term δ(q||) in 〈S+(k′|p|q)〉 indiates that the energy transfer in
weak MHD takes plae in a plane formed by p⊥ and k⊥, as seen in Fig. 7. Energy transfer aross the planes are not
allowed in weak MHD turbulene.
Galtier et al. [63℄ orret KID phenomenologial model, and Sridhar and Goldreih's argument disussed in Setion
IV. The dt′ integral provides inverse of the eetive timesale for the nonlinear interation. KID's model assumes
it to be (kB0)
−1, diering from the orreted expression δ(q||B0) of Galtier et al. If we wrongly set ǫ to zero in Eq.
(248), the dt′ integral will be zero, and from Eq. (245) 〈S+(k′|p|q)〉 will beome zero; this was the basi argument of
Sridhar and Goldreih's [166℄ laim that the triad interation is absent in weak MHD turbulene. Galtier et al. [63℄
modied Sridhar and Goldreih's argument by orretly performing the dt′ integral.
Galtier et al. [63℄ also observed that sine the energy transfer is in a plane perpendiular to the mean magneti
eld, the perpendiular omponents of interating wavenumbers are muh larger than their orresponding parallel
omponent. Geometrially, the wavenumber spae is panake-like with a spread along k⊥ (k||/k⊥ → 0) . This
simplies Eq. (247) to
P ′ij(n,k) = ninj,
and yields
〈
S+(k′|p|q)〉 = πδ(q||)
2B0
k2⊥(1 − y2)
[
1 + z2 + C2(p)/C1(q)
]
C1(q) [C1(p⊥)− C1(k⊥)] . (249)
Now we substitute the above expression in Eq. (214) and obtain the following expression for the ux:
Π ∼
∫
dk
∫
dq
πδ(q||)
2B0
k2⊥(1− y2)
[
1 + z2 + C2(p)/C1(q)
]
C1(q) [C1(p)− C1(k)]
= k||
{∫
dk⊥
∫
dq⊥dq||
πδ(q||)
2B0
k2⊥(1− y2)
[
1 + z2 + C2(p)/C1(q)
]
C1(q) [C1(p)− C1(k)]
}
,
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The above energy transfer proess has ylindrial symmetry, and the term within the urly braket represents the
energy ux passing through irles in the perpendiular planes (see Fig. 7). Under steady state, the energy ux
passing through any irle should be independent of its radius. This immediately implies that
Π ∼ k||k6⊥C21 (k)/B0.
The orrelation funtions C1,2(k) is essentially ylindrial, hene C1,2(k⊥, k||) = E1,2(k⊥)/(2πk⊥k||). Therefore,
E1,2(k⊥) ∼ (ΠB0)1/2 k1/2|| k−2⊥ . (250)
This was how Galtier et al. [63℄ obtained the k−2⊥ energy spetrum for weak turbulene. The above derivation diers
from Galtier et al. on one ount. Here we have used onstany of ux rather than applying Zakharov transform.
Both these onditions ensure steady-state turbulene.
Now let us look at the dynamial equation one more. In one Alfvén timesale, the frational hange in zk⊥ indued
by ollision is [69℄
χ ∼ δzk⊥
zk⊥
∼ k⊥zk⊥
k||B0
. (251)
When χ is small (or zk⊥ is small), we have weak turbulene theory. However, when δzk⊥ ≥ zk⊥(χ ≥ 1), the utuations
beome important; this is alled strong turbulene limit, whih will be disussed in the next subsetion.
B. Goldreih and Sridhar's Theory for Strong Anisotropi MHD Turbulene:
Goldreih and Sridhar (GS) [69℄ have studied MHD turbulene under strong turbulene limit. From Eq. (250) we
an derive that zk⊥ ∼ k−1/2⊥ . Therefore, aording to GS theory, χ will beome order 1 for large enough k⊥. However,
when the energy asades to higher k⊥ (χ≫ 1), k|| also tends to inrease from its initial small value of L−1 beause
of a nonlinear renormalization of frequenies [69℄. Hene, the parameter χ approahes unity from both sides with
k⊥zk⊥ ∼ k||B0; this was termed as ritial balaned state.
For strong turbulene, Goldreih and Sridhar [69℄ inluded a damping term with the following eddy damping rate
η(k) = η0k
2
⊥
[
k||E(k, t)
]1/2
,
where η0 is a dimensionless onstant of order unity. Then they attempted the following anisotropi energy spetrum
for the kineti equation
C(k) = Ak
−(µ+ξ)
⊥ f(k||/Λk
ξ
⊥).
Here we state Goldreih and Sridhar's result [69℄ in terms of energy ux,
Π(k0) ∼
∫
dk′
∫
dpℑ
[
(−i)k2⊥ti(v, w)C(q)(C(p) − C(k))
1
−iω(k) + η(k)
]
∼
∫ ∫
dk⊥dk||dp⊥dp||k
3
⊥p⊥C(q)(C(p) − C(k))
1
ω
(η(k)/ω(k))
1 + (η(k)/ω(k))2
. (252)
Sine ω ∼ k||B0, the onstraint that η(k)/ω(k) is dimensionless yields
ξ = 2− µ/2. (253)
Now onstraint that Π(k0) is independent of k0 provides
6− 3ξ − 2µ = 0. (254)
The solution of Eqs. (253, 254) is
µ = 8/3, ξ = 2/3.
Therefore,
C(k) ∼ Π2/3k−10/3⊥ L−1/3f
(
k||L
1/3
k
2/3
⊥
)
.
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Here L is the large length sale. The fators involving Π and L have been dedued dimensionally. Note that the
exponent 10/3 appears beause of k
−5/3
⊥ /(k⊥k||).
The damping term η(k) has been postulated in GS model. Verma [180℄ attempted to dedue a similar term using
RG proedure in random mean magneti eld (see Setion VIIC). Extension of Verma's model to anisotropi
situation will shed important insights into the dynamis. The ritial balaned state in the inertial range is based
on phenomenologial arguments; it will be useful to have analyti understanding of this argument.
Let us ontrast the above onlusions with the earlier results of Kraihnan [85℄ and Iroshnikov [77℄ where eetive
time-sale is determined by the mean magneti eld B0, and the energy spetrum is k
−3/2
. Kraihnan's and Irosh-
nikov's phenomenology is weak turbulene theory under isotropi situations. This is ontraditory beause strong
mean magneti eld will reate anisotropy. This is why 3/2 theory is inappliable to MHD turbulene.
There are many numerial simulations onneted to anisotropy in MHD turbulene. Matthaeus et al. [116℄ showed
that anisotropy sales linearly with the ratio of utuating to total magneti eld strength (b/B0), and reahes the
maximum value for b/B0 ≈ 1. Hene, the turbulene will appear almost isotropi when the utuations beome of
the order of the mean magneti eld. In another development, Cho et al. [35, 37℄ found that the anisotropy of eddies
depended on their size: Along the loal magneti eld lines, the smaller eddies are more elongated than the larger
ones, a result onsistent with the theoretial preditions of Goldreih and Sridhar [69, 166℄.
After studying anisotropi turbulene, we move on to the problem of generation of magneti eld in MHD turbu-
lene.
X. MAGNETIC FIELD GROWTH IN MHD TURBULENCE
Sientists have been puzzled by the existene of magneti eld in the Sun, Earth, galaxies, and other astrophysial
objets. It is believed that any osmi body that is uid and rotating possess a magneti eld. It is also known that
the osmi magneti eld is neither due to some permanent magnet, not due to any remnants of the past. Sientists
believe that the generation of magneti eld is due to the motion of the eletrially onduting uid within these
bodies suh that the ow generated by the indutive ation generates just those urrent required to provide the same
magneti eld. This is positive feedbak or bootstrap eet (until some sort of saturation ours), tehnially known
as dynamo mehanism. Larmer [98℄ was the rst sientist to suggest this mehanism in 1919.
A quantitative implementation of the above idea is very hard and still unsolved beause of the nonlinear and
dynami interations between many sales involved. There are many important results in this hallenging area, but
all of them annot be disussed here due to lak of spae. In this paper we will fous on some of the reent results on
dynami dynamo theory. For detailed disussion, refer to books by Moatt [126℄, Krause and Rädler [91℄, and reent
review artile by Gilbert [67℄, and Brandenburg and Subramanian [25℄. The statements of some of the main results
in this area are listed below.
1. Larmer (1919) [98℄: He was rst to suggest that the self-generation of magneti eld in osmi bodies may be
possible by bootstrap mehanism: magneti eld driving urrents, and then urrents driving the magneti eld.
2. Cowling (1934) [42℄: The above idea of Larmer was shaken by Cowling who showed that steady axisymmetri
magneti eld ould not be maintained by axisymmetri motions. The above statement is alled anti-dynamo
theorem. It has been shown that dynamo ation is absent in two-dimension ows and other geometries as well.
Therefore, for dynamo ation, the eld and ow have to be suiently ompliated, breaking ertain symmetries.
3. Elsässer (1946) [50℄: He onsidered onduting uid within a rigid spherial boundary with a non-axisymmetri
veloity eld. He emphasized the importane of dierential rotation and non-axisymmetri motion for dynamo
ation.
4. Parker (1955) [144℄: He showed that in the Sun, buoyantly rising or desending uid will generate a helial ow
under the inuene of Coriolis fore. Heliity and dierential rotation in a star an produe both toroidal and
poloidal magneti eld.
5. Steenbek, Krause and Rädler (1966) [168℄, Braginskii (1964) [20, 21℄: They separated the elds into two part,
the mean and and the turbulent, using sale separation. The evolution of the mean magneti eld was expressed
in terms of mean EMF obtained by averaging the turbulent elds. In this model, known as kinemati dynamo,
the random veloity eld generates magneti eld, but the bak-reation of magneti eld on veloity eld was
ignored. Here the growth rate of magneti eld is haraterized by a parameter alled alpha parameter, whih
is found to be proportional to kineti heliity. See Setion XA1.
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6. Pouquet et al. (1976) [150℄: They solved full MHD equations using EDQNM approximation, hene keeping the
eet of bak-reation of magneti eld on veloity eld. Thus, their model is dynami. Pouquet et al. found
that the growth of the magneti eld is indued by residual heliity, whih is the dierene of kineti heliity
and magneti heliity.
7. Kulsrud and Anderson (1992) [94℄: They solved the equation for energy spetrum when kineti energy dominates
the magneti energy (kinemati dynamo). They laimed that the small-sale magneti energy grows very fast,
and get dissipated by Joule heating. This proess prevents the growth of large-sale magneti eld.
8. Chou [40℄ and Reent Numerial Simulations (∼ 2000) : Chow and others have performed diret numerial
simulations of dynamo like situations, and studied the growth of magneti eld. For small-sale seed magneti
eld, the numerial results are in agreement with those of Kulsrud and Anderson in early phase, but dier
widely at later times. For large-sale seed magneti eld, the magneti energy grows with the time-sale of the
largest eddy.
9. Brandenburg (2001) [22℄: Brandenburg investigated the role of magneti and kineti heliity in dynamo meha-
nism. He found a buildup of negative magneti heliity and magneti energy at large-sales. He has also studied
the uxes of these quantities.
10. Reent theoretial Development (∼ 2000): Field et al. [53℄, Chou [39℄, Shekohihin et al. [159℄ and Blak-
man [19℄ have onstruted theoretial models of dynamis dynamo, and studied their nonlinear evolution and
saturation mehanisms. Verma [184℄ used energy uxes in nonhelial and helial MHD to onstrut a dynami
model.
The items (6,8,9,10) are based on dynami models.
In dynamo researh, there are alulations of magneti eld growth in spei geometry of interest, e. g., solving
MHD equations in a spherial shell to mimi solar dynamo. In addition there are papers addressing fundamental
issues (e.g., role of heliity), whih are appliable to all geometries. Most of the alulations of the later type assume
turbulene to be homogeneous and isotropi, and use turbulene models for preditions. This line of thinking is valid
at intermediate sales of the system, and expeted to provide insights into the dynamis of dynamo. In this paper we
will fous on alulations of the later type.
We divide our disussion in this setion on two major parts: Kinemati dynamo, and Dynami dynamo.
A. Kinemati Dynamo:
In MHD veloity and magneti eld aet eah other. The early models of dynamo simplied the dynamis by
assuming that a fully-developed turbulent veloity eld amplies a weak magneti eld, and the weak magneti eld
does not bak-reat to modify the veloity eld. This assumption is alled Kinemati approximation, and the dynamo
is alled kinemati dynamo. In this subsetion, we disuss kinemati dynamo models of Steenbek et al. [168℄ and
Kulsrud and Anderson's [94℄. Note that kinemati approximation breaks down when the magneti eld has grown to
suiently large value.
1. Steenbek et al.'s model for α-eet
Steenbek et al. [168℄ separated the magneti eld into two parts: B¯ on large sale L, and b at small sale l
(B = B¯ + b), and assumed that l ≪ L. They provided a formula for the growth rate of B¯ under the inuene of
homogeneous and isotropi random veloity eld.
Steenbek et al. averaged the elds over sales intermediate between L and l; the averages are denoted by 〈.〉. Now
the indution equation an be separated into a mean and a utuating part,
∂B¯
∂t
= ▽× ε¯+ η▽2 B¯, (255)
∂b
∂t
= ∇× (u× B¯)+∇× (u× b− 〈u× b〉) + η∇2b, (256)
where the mean eletromotive fore (EMF) ε¯ is given by
ε¯ = 〈u× b〉 .
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Steenbek et al. assumed b to be small, hene negleted the seond term of Eq. (256). Eq. (256) is linear, with a
soure term proportional to B¯. For a given random veloity eld, b is linear in B¯. Therefore, the mean EMF will
also be linear in B¯, and is written in the form
ε¯i = αijB¯j + βijk∂kB¯j .
Here αij and βijk are pseudo-tensors. For homogeneous, isotropi, and random u(x, t) eld varying with time sale
τ , it an be shown that [126℄
α = −1
3
τ 〈u · ∇ × u〉 , β = 1
3
τ
〈
|u|2
〉
.
See Moatt [126℄, Krause and Rädler [91℄, and Gilbert [67℄ for the growth rate as a funtion of α and β. This model
has been used to study the evolution of large-sale magneti eld in the Sun and other osmi bodies (see Gilbert [67℄
for details).
In this kinemati dynamo theory, the magneti eld does not reat bak to aet the veloity eld. In reality,
however, when magneti eld has grown to some level, it aets the veloity eld by Lorentz fore. Therefore, alpha
is modied to
α = α0
1
1 + c
∣∣B¯∣∣2 /B2eq ,
where Beq is the saturation value of the magneti eld, and c is a onstant.
Kulsrud and Anderson [94℄ studied the evolution of energy spetrum of b under the inuene of random veloity
eld using analytial tehnique. We will desribe their results in the next subsetion.
2. Kulsrud and Anderson's Model for the Evolution of Magneti Energy Spetrum
The equations for magneti energy spetrum were derived in Setion IIIG as(
∂
∂t
+ 2ηk2
)
Cbb (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
[
Sbu(k′|p|q) + Sbb(k′|p|q)]
In Setion VIII we omputed
〈
SYX(k, p, q)
〉
using eld-theory tehnique. Substitution of S's in the above yields an
equation of the following form.(
∂
∂t
+ 2ηk2
)
Cbb (k, t) = Const
∫
dt′
∫
dp[T (k, p, q)Gbb(k, t− t′)Cbb(p, t, t′)Cuu(q, t, t′)
+T (k, p, q)Guu(k, t− t′)Cbb(p, t, t′)Cbb(q, t, t′)] (257)
Kulsrud and Anderson (KA) [94℄ made the following assumptions to simplify the above equation:
1. the seond term of Eq. (257) was dropped beause Cbb(q)≪ Cuu(q).
2. The veloity eld was assumed to unorrelated in time, i.e.,
〈ui(k, t)uj(k′, t′)〉 =
[
Pij(k)C
uu(k)− iǫijlklHK(k)
k2
]
δ(k+ k′)δ(t− t′).
3. q ≪ k, so that the integral of Eq. (257) ould be performed analytially. Note that this is an assumption of
nonloality and sale separation.
Under the above assumptions, KA ould redue the Eq. (257) to
∂Eb(k, t)
∂t
=
∫
Km(k, p)E
b(p, t)dp− 2k2 ηT
4π
Eb(k, t)− 2k2 η
4π
Eb(k, t) (258)
where
Km(k, p) ∼ k4
∫
dθ sin3 θ
(
k2 + p2 − kp cos θ) Cuu(q)
q2
ηT
4π
∼ −
∫
dqHK(q)
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with q = (k2 + p2 − 2kp cos θ)1/2.
Using the denition that the total magneti energy Eb =
∫
Eb(k)dk, KA dedued that
∂Eb(t)
∂t
= 2γEb(t),
where
γ ∼ −
∫
dqHK(q).
By assuming q ≪ k, KA expanded p near k, and obtained (by integrating by parts)
∂Eb(k, t)
∂t
=
γ
5
(
k2
∂Eb(k)
∂k2
− 2∂E
b(k)
∂k
+ 6Eb(k)
)
− 2k2 η
4π
Eb(k, t).
From the above equation KA dedued that
Eb(k) ∼ k3/2f(k/kR) exp [(3/4)γt]
for k muh less than the resistive wavenumber kR ≈ (4πγ/η)1/2. The utuating magneti energy will ow to small
sales, and then to kR, and get dissipated by Joule heating. Thus, aording to KA, magneti energy at large length
sale does not build up.
Chou [40℄ performed numerial simulation to test KA's preditions. He nds that in early phase, E(k) ∝ k3/2, and
that energy grows exponentially in time, thus verifying KA's model predition. However, at later phase of evolution,
the magneti eld bak-reats on the veloity eld. Consequently, the energy growth saturates, and the energy
spetrum also evolves dierently from k3/2. Clearly these disrepanies are due to the kinemati approximation made
by KA.
B. Dynami Dynamo:
The kinemati approximation desribed above breaks down when the magneti eld beomes omparable to the
veloity eld. In dynami dynamos the bak-reation of the magneti eld on the veloity eld is aounted for. There
are several analyti theories in this area, but the nal word is still awaited. Researhers are trying to understand
these types of dynamo using diret numerial simulations. Here we will present some of the main results.
1. Pouquet et al.'s EDQNM Calulation
Pouquet et al. [150℄ solved MHD equations with large-sale foring under EDQNM approximation. For details,
refer to Setion VIII C. Pouquet et al. observed that for nonhelial ows, the magneti energy rst grows at the
highest wavenumbers, where equipartition is obtained. After that the magneti energy at smaller wavenumbers start
to grow.
Pouquet et al. analyzed the helial ows by foring kineti energy and heliity at foring wavenumber. They
nd that the magneti heliity has an inverse asade, and negative magneti heliity and magneti energy grow at
wavenumbers smaller than the foring wavenumber.
Pouquet et al. estimated the ontributions of heliities to the growth of magneti energy, and onluded that
α ≈ αu + αb = 1
3
τ [−u · ω + b · (∇× b)] (259)
where τ is a typial oherene time of the small-sale magneti energy. The seond term of the above equation is due
to the bak-reation of magneti eld.
2. Diret Numerial Simulation
Chou [40℄ performed diret numerial simulation of 3D inompressible MHD turbulene using pseudo-spetral
method (see Setion VI), and analyzed the growth of (a) initial weak, large-sale seed magneti eld, and (b) initial
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Figure 27: Evolution of kineti energy (Eu) and magneti energy (Eb) for initial weak, large-sale seed magneti eld. Initially
Eb grows as t2, then exponentially, after whih it saturates. Adopted from Chou [40℄.
weak, small-sale seed magneti eld. In both the ases the magneti energy grows at all sales. For the initial
ondition of type (a), the magneti energy grows as t2 for the rst few turbulene eddy turnover times, followed by
an exponential growth, in whih the growth time-sale is approximately the large-sale eddy turnover time. After
sometime the magneti eld saturates (see Fig. 27). For the initial ondition of type (b), initial growth of magneti
energy is determined by the eddy turnover time of the smallest sale of turbulene, as predited by KA, and then by
the eddy turnover time of inertial range modes (See Fig. 28); nally the growth saturates.
When the initial seed magneti energy is at narrow bandwidth of large wavenumbers, the magneti energy quikly
gets spread out, extending to both larger and smaller wavenumbers. The evolution of energy spetrum is shown in
Fig. 29. In the early phase, the magneti energy spetrum is proportional to k3/2, onrming KA's preditions.
However, at a later time, the energy spetrum is very dierent, whih is due to the dynami aspet of dynamo.
Reently Cho and Vishnia (CV) [38℄ performed numerial simulation of nonhelial MHD turbulene and arrived at
the following onlusion based on their numerial results. In our language, their results for large rA an be rephrased
as (1) Πu<u> ≈ U3; (2) Πu<(b<+b>) ≈ UB2; (3) Πu<b< ≈ (U − cB)B2, where U and B are the large-sale veloity and
magneti eld respetively, and c is a onstant. These results are somewhat onsistent with the eld-theoreti ux
alulations of Verma [185℄.
3. Brandenburg's Calulations
Brandenburg [22℄ performed diret numerial simulation of ompressible MHD (Mah number around 0.1-0.3) on
maximum grid of 1283. He applied kineti energy and kineti heliity foring in the wavenumber band (4.5, 5.5). He
obtained many interesting results, some of whih are given below.
1. Magneti heliity grows at small wavenumbers, but it has a negative sign. Brandenburg explains this phenomena
by invoking onservation of magneti heliity. For a losed or periodi system the net magneti heliity is
onserved, exept for dissipation at small sales. Thus, for magneti eld to be helial, it must have equal
amount of positive and negative heliity. The heliity at small sales will get destroyed by dissipation, while
magneti heliity at large sales will survive with negative sign.
2. Brandenburg omputed the magneti-heliity ux and found that to be positive. Note that injetion of kineti
heliity indues a ux of magneti-heliity (see Eq. [237℄).
90
Figure 28: Evolution of kineti energy (Eu) and magneti energy (Eb) for initial weak, small-sale seed magneti eld.
Ebexponentially, then it saturates. Adopted from Chou [40℄.
Figure 29: Magneti and kineti energy spetrum at various times. Initial seed magneti eld is onentrated at k = 20.
Eb(k) ∝ k3/2 for 2 < t < 10, reminisent of Kulsrud and Anderson's preditions. It shifts to atter and then to Kolmogorov-
like spetrum at later time. Adopted from Chou [40℄.
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Figure 30: Casade proesses of magneti energy in Helial MHD turbulene. Adopted from Brandenburg [22℄.
3. Brandenburg argued that most of the energy input to the large sale eld is from sales near the foring. He
laimed the above proess to be alpha-eet, not an inverse asade (loal). Now the built-up energy at large
sales asades to neighbouring sales by forward asade (k3/2 region). One the large sale elds have grown,
Kolmogorov's diret asade will take plae. Above observations are illustrated in Fig 30.
Brandenburg has done further work on open boundaries, and applied these ideas to solar dynamo. For details,
refer to review paper by Brandenburg [24℄. Verma [184, 185℄ has omputed energy uxes and shell-to-shell energy
transfers in MHD turbulene using eld-theoreti alulations. Below we show how Verma's results are onsistent
with Brandenburg's results.
4. Dynamo using Energy Fluxes
In Setion VIII we disussed various energy uxes and shell-to-shell energy transfer in MHD turbulene. Here we
will apply those ideas to estimate the growth rate of magneti energy. These alulations are based on homogeneous
and isotropi turbulene, so the preditions made here are probably valid for galati dynamo, or at small sales in
solar and planetary dynamo.
Verma has alulated energy ux for both nonhelial and helial MHD. It has been shown in Setion XA1 that
when Eu(k) > Eb(k), kineti energy gets transferred to magneti energy, hene turbulene is not steady. Now we
ompute the energy transfer rate to the large-sale magneti eld. In absene of heliity, the soure of energy for the
large-sale magneti eld is Πu<b< . When heliity is present, the uxes Π
b>
b<helical+Π
u>
b<helical provide additional energy
to the large-sale magneti eld (see Se. VIII). Hene, the growth rate of magneti energy is
dEb(t)
dt
= Πu<b< +Π
b>
b<helical +Π
u>
b<helical (260)
Sine there is no external foring for large-sale magneti eld, we assume
Πu<b< ≈ Πb<b> +Πb<u>.
In typial astrophysial situations, magneti and kineti heliities are typially small, with negative magneti heliity
and positive kineti heliity. For this ombination of heliities, both the helial uxes are negative, thus beome a
soure of energy for the growth for large-sale magneti eld.
Sine the magneti energy starts with a small value (large rA limit), all the uxes appearing in Eq. (260) are
proportional to r−1A [f. Eqs. (227, 228)℄, i.e.,
Πu<b< +Π
b>
b<helical +Π
u>
b<helical = cΠ
Eb
Eu
(261)
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where Eu is the large-sale kineti energy, Π is the kineti energy ux, and c is the onstant of order 1. Hene,
1
Π
dEb
dt
≈ E
b
Eu
(262)
Using Eu = KuΠ2/3L2/3, where L is the large length-sale of the system, we obtain
1√
EuEb
dEb
dt
≈ 1
L(Ku)3/2
(263)
We assume that Eu does not hange appreiably in the early phase. Therefore,
Eb(t) ≈ Eb(0) exp
( √
Eu
L(Ku)3/2
t
)
(264)
Hene, the magneti energy grows exponentially in the early periods, and the time-sale of growth is of the order of
L(Ku)3/2/
√
Eu, whih is the large-sale eddy turnover time.
In Setion VIIIA 3 we derived the following expression (Eq. [237℄) for the ux of magneti heliity:
ΠHM (k0) =
1
k0
(−drM + erK) , (265)
where rK = HK(k)/(kE
u(k)), rM = kHM (k)/E
b(k), and d and e are positive onstants. When kineti heliity is
fored (rK > 0) at foring wavenumber, magneti heliity ux will be positive. But the total magneti heliity is
onserved, so positive HM will ow to larger wavenumber, and negative HM will ow to smaller wavenumber. The
negative HM (rK < 0) will further enhane the positive magneti heliity ux, further inreasing negative HM at
lower wavenumbers. The above observation explains the numerial ndings of Brandenburg [22℄ disussed above.
The negative magneti heliity desribed above ontributes to the growth of magneti energy. Note that for small
wavenumber HM and HK have opposite sign, and aording to formula (236) derived in Setion VIIIA 3
dEb
dt
= ar2M − brMrK , (266)
(a and b are positive onstants) magneti energy will grow. This result is onsistent with the numerial simulation
of Brandenburg [22℄ and EDQNM alulation of Pouquet et al. [150℄. It is important to ontrast the above equation
with the growth equation of Pouquet et al. [150℄) (f. Eq. [259℄) , and test whih of the two better desribes the
dynamo. The diret numerial simulation of Pouquet and Patterson [152℄ indiate that HM helps the growth of
magneti energy onsiderably, but that is not the ase with HK alone. This numerial result is somewhat inonsistent
with results of Pouquet et al. and others [150℄ (Eq. [259℄), but it ts better our formula (266) (dEb/dt = 0 if rM = 0).
Hene, the formula (266) probably is a better model for the dynamially onsistent dynamo. We need more areful
numerial tests and analyti investigations to settle these issues.
In Setion VIII we studied the shell-to-shell energy transfer in MHD turbulene assuming powerlaw energy spetrum
for all of wavenumber spae. Sine magneti heliity hanges sign, and its spetrum does not follow a powerlaw, the
above assumption is not realisti. However, some of the shell-to-shell energy transfer results are in tune with Bran-
denburg's numerial results. For example, we found that heliity indues energy transfers aross distant wavenumber
shells, in the same lines as α-eet. More detailed analyti alulation of shell-to-shell energy transfer is required to
better understand dynamo mehanism.
5. Theoretial Dynami Models
Field et al. [53℄ and Chou [39℄ onstruted a theoretial dynamial model of dynamo. They use sale-separation
and perturbative tehniques to ompute the eets of bak-reation of magneti eld on α. Shekohihin et al. [159℄
and Blakman [19℄ disussed various models of nonlinear evolution and saturation for both small-sale and large-sale
dynamo. Basu [5℄ has applied eld-theoreti methods to ompute α. For details refer to the original papers and
review by Brandenburg and Subramanian [25℄.
In summary, dynamo theory has ome a long way. Early alulations assumed kinemati approximations. For last
fteen years, there have been attempts to onstrut dynami dynamo models, both numerially and theoretially.
Role of magneti and kineti heliity is beoming learer. Yet, we are far away from fully-onsistent dynamo theory.
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XI. INTERMITTENCY IN MHD TURBULENCE
The famous Kolmogorov's turbulene model assumes a onstant energy ux or dissipation rate at all sales, i. e.,
Π(k) ∼ ∫ dkν(k)k2E(k) is independent of k. The renormalized visosity ν(k) ∼ k−4/3 and E(k) ∼ k−5/3 are onsistent
with the above assumption. Landau [97℄ pointed out that the dissipation rate, whih is proportional to the square
of vortiity, is singular and quite inhomogeneous. Thus Kolmogorov's theory of turbulene needs modiation. The
above phenomena in whih strong dissipation is loalized both in time and spae is alled intermitteny.
A. Quantitative Measures of Intermitteny
There are several quantitative measures of intermitteny. Consider the inrement of the veloity, or some other
eld, between two points separated by l,
δu(x, l) = u(x+ l)− u(x).
The longitudinal omponent of δu(x, l) will be given by
δu||(l) = δu(x, l).l/l,
and the transverse omponent is δu⊥(l) = δu(x, l) − δu||(l)l/l. Here we have assumed homogeneity and isotropy for
turbulene, so that the inrement in veloities depend only on l, not on x. Now we dene longitudinal and transverse
struture funtions using
S(n)(l) =
〈[
δu||(l)
]n〉
, U (n)(l) = 〈[δu⊥(l)]n〉
respetively. The struture funtion S(n)(l) is expeted to have a power law behaviour for l in the inertial range,
S(n)(l) = anl
ζn , (267)
where an and ζn are universal numbers. The exponents ζn are alled the intermitteny exponent.
Moments and probability density funtion (pdf) are equivalent desription of random variables. Note that if
P (δu||(l)) were gaussian, i. e.,
P (δu||(l)) =
1
σr
√
π
exp− (δu||(l))
2
σ2r
then, it is easy to verify that 〈
(δu||(l))
n
〉 ∝ σnr .
Kolmogorov's model of turbulene predits that
σr ∼ ǫ1/3l1/3,
For onstant ǫ, we obtain
S(n)(l) ∝ ǫn/3ln/3.
Systems with gaussian probability distribution or equivalently S(n)(l) ∝ lcn (c = onstant) are alled non-intermittent
system. For intermittent systems, the tails of pdf deays slower that gaussian, and ould follow a powerlaw.
Struture funtion an be written in terms of loal dissipation rate [139℄
δul ∼ ǫ1/3l l1/3.
Kolmogorov [83℄ introdued the rened similarity hypothesis relating struture funtion to ǫl as
S
(n)
|| (l) = dn
〈
ǫ
n/3
l
〉
ln/3.
If
〈ǫnl 〉 ∼ lµn ,
94
then
ζn =
n
3
+ µn/3.
Many researhers have attempted to model ǫl.
In any numerial simulation or experiment, the powerlaw range is quite limited. However, when we plot S(n)(l)
vs. S(3)(l), we obtain a muh larger saling range. This phenomena is alled Extended self-similarity (ESS). Sine,
S(3)(l) ∝ l [82℄, ζn measured using Eq. (267) or ESS are expeted to be the same.
There have been some ingenious attempts to theoretially ompute the intermitteny exponents (e.g., see series of
papers by L'vov and Proaia [107℄). Yet, this problem is unsolved. There are several phenomenologial models.
Even here, phenomenologial models have been better developed for uid turbulene than MHD turbulene. We will
desribe some of them in the following disussion, rst for uids and then for MHD turbulene.
B. Results on Intermitteny in Fluid Turbulene
In uid turbulene, the pdf of veloity inrement deviates from gaussian [61℄. In experiments and simulations one
nds that ζn vs. n is a nonlinear funtion of n. Hene, uid turbulene shows intermitteny. Note that ζ2 ≈ 0.71,
whih yields a orretion of approximately 0.04 to Kolmogorov's spetral index of 5/3. However, the orretion for
large n is muh more. See Frish [61℄ for further details.
Remarkably, starting from Navier-Stokes equation, Kolmogorov [82℄ obtained an exat relation
S
(3)
|| (l) = −
4
5
ǫl
under ν → 0 limit (also see [61, 97℄). Note that ǫ is the mean dissipation rate. Unfortunately, similar relationship
ould not be derived for other struture funtions. In the following disussion we will disuss some of the prominent
intermitteny models for uid turbulene.
1. Kolmogorov's log-normal model
Obukhov [139℄ and Kolmogorov [83℄ laimed that the dissipation rate in turbulent uid is log-normal. As a onse-
quene,
ζn =
n
3
− µn(n− 3)
18
,
where
〈ǫ(x)ǫ(x + l)〉 ∼ l−µ.
Numerial simulations and experiments give µ ≈ 0.2.
The preditions of this model agree well with the experimental results up to n ≈ 10, but fails for higher values of
n. In Fig. 31 we have plotted the above ζn along with other model preditions given below.
2. The β−model
Novikov and Stewart [138℄ and Frish et al. [60℄ proposed that smaller sales in turbulent uid is less spae lling.
In eah step of the asade an eddy δun of sale ln splits into 2
Dβ eddies of sale ln+1 = ln/2, where D is the spae
dimensionality, and β is a xed parameter with 0 < β ≤ 1. In this model
ζn =
n
3
− δ
3
(n− 3),
where β = 2−δ.
Note that ζn is linear in n, and it does not math with experimental and numerial data for large n (see Fig. 31).
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Figure 31: Plots of ζnvs. n for various intermitteny models in uids and MHD. She-Leveque's log-Poission model ts best
with the experimental data in both uid and MHD. For MHD turbulene, Kolmogorov-like models are in better agreement
than KID's like model.
3. The Multifratal Models
Parisi and Frish [143℄ developed a multifratal model of turbulene. Maneveau and Sreenivasan [108℄ onstruted
an intuitive model. Here the energy asade rate ǫl is not distributed equally into smaller eddies, say, in eah asade
it gets divided into pǫl and (1 − p)ǫl. After several asades, one nds that energy distribution is very skewed or
intermittent. The intermitteny exponent in this model is
ζn =
(n
3
− 1
)
Dn + 1,
with
Dn = log2 (p
n + (1 − p)n)1/(1−n) .
For p near 0.7, ζn ts quite well with the experimental data. The deieny of this model is that it requires an
adjustable parameter p. For more detailed disussion, refer to Stolovitzky and Sreenivasan[165℄.
4. The Log-Poisson Model
She and Leveque [160℄ proposed a model involving a hierarhy of utuating strutures assoiated with the vortex
lament. In their model
ζn =
n
3
(1− x) + C0
(
1− βn/3
)
(268)
where C0 is o-dimension of the dissipative eddies, and x and β are parameters onneted by
C0 =
x
1− β (269)
(see Biskamp [14℄ for details; also see Politano and Pouquet [145℄). For Kolmogorov saling, x = β = 2/3. In
hydrodynami turbulene, the dissipative eddies are vortex laments, i.e., one-dimensional strutures. Therefore, the
o-dimension is C0 = 2. Hene, for uid turbulene
ζSLn =
n
9
+ 2
[
1−
(
2
3
)n/3]
. (270)
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The above predition ts remarkably well with experimental results. All the above funtions have been plotted in
Fig. 31 for omparison.
After the above introdutory disussion on intermitteny in uid turbulene, we move on to intermitteny in MHD
turbulene.
C. Results on Intermitteny in MHD Turbulene
In MHD turbulene, the pdf of inrement of veloity, magneti, and Elsässer variables are all nongaussian. The
ζn vs. n is a nonlinear funtion of n, hene MHD turbulene also exhibits intermitteny. The theoretial and
phenomenologial understanding of intermitteny in MHD turbulene is more unertain than that in uid turbulene
beause the nature of energy dissipation rates in MHD turbulene is still quite obsure.
Following the similar lines as Kolmogorov [82℄, Politano and Pouquet [146℄ derived an exat relationship:
〈
δz∓|| δz
±
i δz
±
i
〉
= −4
3
ǫ±l.
This result is onsistent with Kolmogorov-like model (Eq. [103℄) that
δz±l ∼
(
ǫ±
)2/3 (
ǫ∓
)−1/3
l1/3.
There are more than one set of exponents in MHD beause of presene of more number of variables. For z± variables
we have
S±n (l) =
〈∣∣δz±l ∣∣n〉 ∼ lζ±n .
In the following, we will disuss Log-Poission model and numerial results on intermitteny in MHD turbulene.
1. The log-Poisson model
Politano and Pouquet [145℄ extended She and Leveque's formula (268) to MHD turbulene. They argued that
smallest eddies in fully developed MHD turbulene are miro-urrent sheets, hene the odimension will be C0 = 1.
Kolmogorov's saling yields x = 2/3 and β = 1/3. Therefore
ζMHDn =
n
9
+ 1−
(
1
3
)n/3
.
If KID's saling were to hold for MHD, then x = 1/2 and β = 1/2. Consequently,
ζKIDn = −
n
2
+ 1−
(
1
2
)n/3
.
For details refer to Biskamp [14℄. Now we ompare these preditions with the numerial results.
2. Numerial Results
Biskamp and Müller [15℄ have omputed the exponents ζ±n for 3D MHD, and they are shown in Fig. 32. In the
same plot, ζMHDn and ζ
KID
n have also been plotted. Clearly, ζ
MHD
n agrees very well with 3D MHD numerial data.
This again shows that Kolmogorov-like phenomenology models the dynamis of MHD turbulene better that KID's
phenomenology. In Fig. 32 She-Leveque's preditions for uid (solid line) and KID's model (dotted line) are also
shown for referene. 2D MHD appears to be more intermittent than 3D MHD. A point to note that the plots of Figs.
31, 32 are for small ross heliity (σc → 0); the equality of ζ+n and ζ−n may not hold for higher ross heliity.
Müller et al. [134℄ numerially omputed the intermitteny exponents in the presene of mean magneti eld. They
found that a mean magneti eld redues the parallel-eld dynamis, while in the perpendiular diretion a gradual
transition toward 2D MHD turbulene is observed.
Biskamp and Shwarz [16℄ omputed the intermitteny exponents for 2D MHD turbulene (see Table III of Biskamp
and Shwarz [16℄). The exponents are muh lower than ζMHDn . The exponent ζ2 is lose to 0.5, whih prompted
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Figure 32: Numerially omputed intermitteny exponents ζ+n (diamond) and ζ
−
n (square) for 3D MHD turbulene, and ζ
+
n /ζ
+
3
(triangle) for 2D MHD turbulene. The numerial values mathes quite well with the She-Leveque model based on Kolmogorov-
like spetrum (dashed line). Adopted from Biskamp and Müller [15℄.
Biskamp and Shwarz to infer that 2D MHD follows KID's phenomenology with E(k) ∼ k−ζ2−1 ∼ k−3/2 power
spetrum. However, ζ4 is muh below 1, whih makes the laim less ertain. Earlier, using ux analysis Verma et
al. [191℄ had shown that Kolmogorov-like phenomenology is a better model for 2D MHD than KID's phenomenology
(see Setion VI). Hene, Biskamp and Shwarz [16℄ and Verma et al.'s [191℄ onlusions appear ontraditory. It may
be possible that 2D MHD turbulene is highly intermittent, with 5/3 exponent still appliable. In any ase, further
work is required to larify these issues. Refer to Verma et al. [189℄ and Biskamp [13℄ for further details.
Basu et al. [6℄ numerially omputed the intermitteny exponents for veloity and magneti elds. They showed
that ζb > ζ± > ζu, i.e., magneti eld is more intermittent than the veloity eld. They also nd that ζb ≈ ζSL. For
theoretial arguments regarding ζu and ζb we refer to Eq. (210), whih implies that
δul ∼ (Πu)1/3 l1/3
δbl ∼
(
Πb
)1/3
l1/3,
where Πu = Πu<u> + Π
u<
b> is the total kineti energy ux, and Π
b = Πb<b> + Π
b<
u> is the total magneti energy ux.
Clearly,
Su(n)(l) = 〈(δul)n〉 =
〈
(Πu)
n/3
〉
ln/3 ∼ lζun
Sb(n)(l) = 〈(δbl)n〉 =
〈(
Πb
)n/3〉
ln/3 ∼ lζbn .
Hene, ζu and ζb depend on the small-sale properties of Πu and Πb. From the numerial results of Basu et al. [6℄ it
appears that Πb is more intermittent that Πu. Note that Basu et al.'s result was derived from magnetially dominated
run, So we need to test the above hypothesis for various ratios of kineti and magneti energies.
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Some of the earlier work on intermitteny in MHD turbulene has been done by Carbone [31℄. His work is based on
KID's model, and he alludes that the spetral index of solar wind is lose to 1.7 beause of intermitteny orretion
of approximately 0.2 over 3/2. There is also an extensive investigation of intermitteny in solar wind data. Refer to
Burlaga [26℄, Marsh and Tu [112℄, and Tu et al. [176℄.
It is evident from the above disussion that physial understanding of intermitteny is quite weak. We need to better
understand dissipation rates in MHD turbulene. With these remarks, we lose our disussion on intermitteny.
XII. MISCELLANEOUS TOPICS
In this setion we will briey disuss the following topis onneted to the spetral theory of MHD turbulene:
(a) Large-Eddy simulations of MHD Turbulene, (b) Energy deay of MHD turbulene, () Shell model of MHD
turbulene, and (d) Compressible Turbulene.
A. Large-Eddy Simulations (LES) of MHD Turbulene
Basi idea of LES is to resolve only the large sales of turbulent ow. The eet of smaller sale interations are
modeled appropriately using the existing theories. Let u<K and b
<
K represent the ltered elds at lter width of l. The
ltered MHD equations are
∂u<
∂t
= −∇ · (u<u< − b<b< + τu)−∇p< + ν∇2u<
∂b<
∂t
= −∇ · (u<b< − b<u< + τb)+ ν∇2u<
∇ · u< = ∇ · b< = 0,
where τu = (uu)< − u<u< − (bb)< + b<b<, and τb = (ub)< − u<b< − (bu)< + b<u< are the ltered-sale stress
tensors. Main task in LES is to model these tensors. A lass of models assume that [3, 135℄
τu = −2νtS<, S< =
(∇u< + [∇u<]T ) /2,
τb = −2ηtJ<, J< =
(∇b< + [∇b<]T ) /2,
where T  denotes the transposed matrix, and νt and ηt are the eddy-visosity and eddy-resistivity respetively.
Agullo et al. [3℄ and Müller and Carati [135℄ presribed νt and ηt using two dierent models M1 and M2:
M1 : νt = C1(t)l
4/3, ηt = D1(t)l
4/3,
M2 : νt = C2(t)l
2(2S< : S<)1/2, ηt = D2(t)l
2|j<|.
Both models ontain two unknown parameters Ci and Di. Agullo et al. [3℄ and Müller and Carati [135℄ determined
these parameters using dynami LES, in whih a test lter is used [66℄. After determining νt and ηt, the veloity and
magneti elds were updated using DNS. Their evolution of kineti and magneti energy using Models M1 and M2
agree quite well with DNS. The deay of the magneti energy in DNS and M1,2 are quite lose, but there is a slight
disrepany. Note that M0 : τ
u,b = 0 fares quite badly.
We [95℄ employ DNS to MHD equations, but visosity and resistivity are replaed by renormalized visosity and
renormalized resistivity given below:
νr(kC) = (K
u)1/2Π1/3k
−4/3
C ν
∗
(271)
ηr(kC) = (K
u)1/2Π1/3k
−4/3
C η
∗. (272)
Here Ku is Kolmogorov's onstant for MHD, Π is the total energy ux, and ν∗, η∗ are the renormalized parameters.
The parameters ν∗, η∗, and Ku depend on the Alfvén ratio rA. In our deaying MHD turbulene simulation, we
start with unit total energy and rA = 100.0. The ratio of magneti to kineti energy grows as a funtion of time, as
expeted. Therefore, we need to ompute the renormalized parameters for various values of rA. The energy asade
rates are omputed following the method desribed in Setion VI. We take νr(kC) and ηr(kC) from Eqs. (271, 272).
The energy ux Π hanges with time; we ompute Π dynamially every 0.01 time-unit. We arried out LES for MHD
up to 25 nondimensional time units. MComb et al. [123℄ had done a similar LES alulation.
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The evolution of kineti energy using LES is quite lose to that using DNS. However, the evolution of magneti
energy does not math very well. Comparatively, LES of Agullo et al. [3℄ and Müller and Carati [135℄ yield a better
t to the temporal evolution of magneti energy. Hene, renements are required in our modelling.
In summary, LES of MHD turbulene is in its infany, and More work is required in modelling of eddy-visosity
and resistivity.
B. Energy Deay of MHD Turbulene
The models of energy deay in MHD turbulene are motivated by the deay laws of uid turbulene. In these
models, the energy loss is due to Kolmogorov's energy ux. In addition, onservation laws are used to lose the
equation. Biskamp and Müller [15℄ rst proposed that
Ebl0 = HM , (273)
where l0 is the integral sale, E
b
is the total magneti energy, andHM is magneti heliity. The orresponding equation
for uid turbulene is ELs+1 = const, with s = 4. Assuming advetion term to be the dominant nonlinearity for
energy ux, Biskamp and Mülller suggested that the dissipation rate ǫ is
ǫ = −dE
dt
∼ u · ∇E ∼ (Eu)1/2 E
l0
.
A substitution of l0 of Eq. (273) into the above equation yields
E5/2
ǫHM
rA
(1 + rA)3/2
= const.
This phenomenologial formula was found to be in very good agreement with numerial result. Alfvén ratio rA itself
is varies with time; Biskamp and Müller numerially found its variation to be rA ≈ 1.5(E/HM). Using this result and
taking the limit rA ≪ 1, they obtained
−dE
dt
≈ 0.5 E
3
H3/2
with the similarity solution E ∼ t−1/2. The relationship rA ≈ 1.5(E/HM ) yields Eu ∼ (Eb)2 ∼ t−1. For nite rA,
the evolution is expeted to be somewhat steeper.
For nonhelial MHD (HM = 0), Biskamp and Müller found a dierent deay law
dE
dt
E−2 = const
yielding E ∼ t−1; this result was veried in numerial simulations. Note that all the above arguments are valid for
zero or vanishing ross heliity. When ross heliity is nite, it deays with a nite rate. Galtier et al. [64℄ reahed
to the similar onlusions as Biskamp. Note that similar arguments for uid turbulene shows that kineti energy
deays as t−10/7.
In the light of urrent results on evolution of kineti and magneti energy disussed in Setion VIII B, some new
dedutions an made regarding the energy evolution in MHD turbulene. Sine the energy uxes Π± are not oupled
(see Fig. 6), we expet E± to deay in the same way as uid turbulene. However, the evolution of kineti and
magneti energy is more omplex beause of ross transfers of energy between veloity and magneti elds (see Fig.
5). Their evolution in nonhelial MHD ould be modelled as
dEb
dt
= Πu<b< −Πb,
dEu
dt
= Πb<u< −Πu.
In kinemati regime (Eu ≫ Eb), Eb grows exponentially (dynamo) due to Πu<b< , and Eu should deay as in uid
turbulene. However, in magneti regime (Eb ≫ Eu), magneti energy should deay faster than kineti energy due to
positive Πb<u<. Sine E
u
and Eb are equipartitioned in the asymptoti state, it may be possible that Πu<b< = |Eu−Eb|h.
Using these ideas, we may get further insights into the physis of deay in MHD turbulene.
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C. Shell Models of MHD Turbulene
Shell models of turbulene were introdued as an attempt to solve hydrodynami equations using muh fewer degrees
of freedom. In these models, one variable is used to represent all the modes in wavenumber shell (kn, kn+1). The shell
radius is given by kn = k0s
n
with s as a parameter, typially taken to be 2. The oupling between shells is loal with
onstraints of preserving onserved quantities. One type of shell-model for MHD turbulene is given below [59℄:(
d
dt
+ νk2
)
Un = ikn[(U
∗
n+1U
∗
n+2 −B∗n+1B∗n+2)−
ǫ
2
(U∗n−1U
∗
n+1 −B∗n−1B∗n+1)
− (1− ǫ)
4
(U∗n−2U
∗
n−1 −B∗n−2B∗n−1)] + fn (274)(
d
dt
+ ηk2
)
Bn = ikn[(1− ǫ − ǫm)(U∗n+1B∗n+2 −B∗n+1U∗n+2) +
ǫm
2
(U∗n−1B
∗
n+1 −B∗n−1U∗n+1)
(1− ǫm)
4
(U∗n−2B
∗
n−1 −B∗n−2U∗n−1)] + gn, (275)
where fn and gn are kineti and magneti foring respetively. The above equations onserve total energy and ross
heliity for any ǫm. However, onservation of the third integral imposes ondition on ǫ
′
s. In 3D, this integral is
HM =
∑
n
(−1)nk−1n |Bn|2,
whih is onserved if ǫ = 1/2 and ǫm = 1/3. in 2D, the hoie of ǫ = 5/4 and ǫm = −1/3 leads to onservation of
a =
∑
n
k−2n |Bn|2.
Frik and Sokolo [59℄ numerially solved Eqs. (274, 275) with 30 shells (−4 ≤ n ≤ 27). The system was fored
near the n = 0 shell. The time integration was done using fourth-order Runge-Kutta method. Frik and Sokolo
studied energy spetrum, uxes, and the struture funtions. They obtained Kolmogorov-like energy spetrum (5/3)
for nonAlfvéni MHD (σc ≈ 0); this state is independent of magneti heliity HM . However, when the magneti and
veloity elds are orrelated, Kolmogorov state is not established, and the result depends on the magneti heliity.
High level of HM suppresses any asade of energy, and KID's spetra was obtained.
Frik and Sokolo [59℄ and Basu et al. [6℄ studied the struture funtions of MHD. They found that intermitteny
in MHD turbulene is slightly higher than in the hydrodynami ase, and the level of intermitteny for the magneti
eld is slightly higher than the veloity eld. Biskamp [12℄ has studied the eet of mean magneti eld using Shell
model. For referene, Gloaguen et al. [68℄ onstruted one of the rst shell models for MHD turbulene.
Shell models are based on an assumption of loal energy transfer. This assumption appears to be suspet in the
light of our results on shell-to-shell energy transfer desribed in VIII B, where we showed that there are signiant
amount of nonloal energy transfer in MHD turbulene, speially in presene of magneti heliity. This issue requires
a loser look.
D. Compressible Turbulene
Terrestrial MHD plasmas are inompressible beause plasma veloities are typially muh smaller ompared to sound
speed or Alfvén speed. However, astrophysial plasmas are typially ompressible. Currently the energy spetrum
of inompressible (innite sound speed) and fully-ompressible (zero sound speed) turbulene are reasonably well
understood. Fully ompressible uid is desribed by Burgers equation
∂u
∂t
+ (u · ∇)u = ν∇2u.
for whih shoks are exat solution in 1D under ν → 0 limit. It an be easily shown that E(k) ∼ k−2 and intermitteny
exponents ζq = 1 for q > 1. Shoks are present in higher dimensions as well, and the spetral index is expeted to be 2.
Fully-ompressible MHD turbulene, modelled by generalized Burgers equation [65℄, also show shoks. For properties
of shoks, refer to Biskamp [14℄ and Priest [153℄. For the other limiting ase, inompressible uid turbulene as well as
MHD turbulene are well desribed by Kolmogorov's theory of turbulene. The diulty is with nite Mah number.
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The veloity in ompressible uids is deomposed into ompressible part uc and solenoidal part us. In Fourier spae,
us is perpendiular to k, and uc is parallel to k. Corresponding to these elds, we have solenoidal and ompressive
veloity spetrum, Es(k) and Ec(k). Porter et al. [147℄ showed that in the supersoni turbulene (Ma > 1) ,
Ec(k) ∼ k−2, whih is similar to the spetrum in Burgers turbulene. However for subsoni turbulene (Ma < 1),
both Ec and Es have 5/3 spetral index.
Pressure spetrum is dened using
〈
p2
〉
=
∫
EP (k)dk. Assuming 5/3 spetrum for veloity and using pk ∼ ρ0u2k,
Bathelor [7℄, and Monin and Yaglom [127℄ obtained
1
ρ20
EP (k) ∼ ǫ4/3k−7/3.
The above law is expeted to be valid for subsoni ows. For polytropi ows p ∼ ργ , or
δρ = C2s δρ,
using whih we an immediately derive the density spetrum for subsoni ows
Nρ(k) = ǫ4/3C−4s k
−7/3.
Note that
〈
ρ2
〉
=
∫
Nρ(k)dk.
For nearly inompressible MHD turbulene Montgomery et al. [128℄ argued that EP (k) ∼ Nρ(k) ∼ k−5/3. Their
argument is based on quasi-normal model. For detail refer to Montgomery et al. [128℄ and Zank and Matthaeus
[195, 196℄. Lithwik and Goldreih [104℄ also obtained Kolmogorov's spetrum for the density utuations in the
ionized interstellar medium. They alulated the above density spetrum by extending the theory of inompressible
MHD given by Goldreih and Sridhar [69, 166℄. Cho and Lazarian [34℄ found similar results in their omputer
simulation.
It is interesting to note that Burgers equation is loal in real spae, ontrary to inompressible turbulene whih is
nonloal in real spae. Also, mode-to-mode energy transfer formulas of Dar et al. [45℄ annot be applied to Burgers
equation beause ∇·u = 0 is not appliable to Burgers equation. We need some kind of generalized theory whih will
ontinuously vary the energy spetrum as we hange the Mah number.
XIII. CONCLUSIONS AND FUTURE DIRECTIONS
Here we summarize the main results in statistial theory of MHD turbulene. In this paper, we foussed on the
energy spetrum, uxes, and the shell-to-shell energy transfers in homogeneous turbulene. When the mean magneti
eld is applied, turbulene is naturally anisotropi. When the mean magneti eld is muh greater that utuations
(weak turbulene), the energy asade is planar, perpendiular to the mean magneti eld; In this limit Galtiers et
al. [63℄ showed that
E1,2(k⊥) ∼ (ΠB0)1/2 k1/2|| k−2⊥ . (276)
When the utuations beome omparable to the mean magneti eld (strong turbulene), Goldreih and Sridhar
[69, 166℄ showed that E(k) ∼ k−5/3⊥ , thus establishing Kolmogorov-like dynamis for MHD turbulene. Verma [180℄
showed that the nonlinear evolution of Alfvén waves are aeted by eetive mean magneti eld, and showed that
Kolmogorov's 5/3 powerlaw is a valid spetrum for MHD turbulene. The eetive mean-magneti eld turns out to
be loal (k-dependent) eld, and an be interpreted as the eld due to the next largest eddy. The above theoretial
result is seen in the numerial simulation of Cho et al. [35℄. The renormalization group alulations (e. g., Verma
[181℄) also favor Kolmogorov's 5/3 energy spetrum for MHD turbulene. All the above results have been disovered
in the last ten years.
Let us ontrast the above onlusions with the earlier results of Kraihnan [85℄ and Iroshnikov [77℄ where eetive
time-sale is determined by the mean magneti eld B0, and the energy spetrum is k
−3/2
. Kraihnan's and Irosh-
nikov's phenomenology is weak turbulene theory under isotropi situations. This is ontraditory beause strong
mean magneti eld will reate anisotropy. This is why 3/2 theory is inappliable to MHD turbulene.
Reently studied energy uxes and shell-to-shell energy transfers in MHD turbulene are providing important in-
sights into the energy exhange between veloity and magneti elds, and also among various sales. These alulations
have been done using mode-to-mode energy transfers in MHD triads. For 3D nonhelial ows (HM = HK = 0),
all the uxes u-to-u, u-to-b, b-to-u, b-to-b are positive exept b-to-u, whih is negative for large Alfvén ratio. In
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kineti-energy dominated regime, kineti energy ows to magneti energy, and the reverse happens in magneti-
energy dominated regime. Hene, steady-state situation is possible only when Eu ≈ Eb; we believe this to be the
reason for the equipartition of kineti and magneti energy in MHD turbulene. The shell-to-shell energy transfer
also suggests that nonhelial transfers are loal. The u-to-u and b-to-b transfers are forward, but u-to-b and b-to-u
are somewhat omplex. Heliity indues inverse asade of magneti energy, but their magnitude is smaller than the
nonhelial ounterparts for small magneti and kineti heliities, whih is typial. We also nd a forward asade for
magneti heliity.
Many of the above analytial work have been motivated by the lues obtained from numerial simulations, e. g.,
[15, 40, 45, 109, 133, 191℄. High resolution simulations, whih an test spetrum as well as energy uxes, have been
made possible by reent powerful omputers. In turbulene researh, numerial simulations have beome synonymous
with experiments. Similarly, observational results from the solar wind data have been very useful in understanding
the dynamis of MHD turbulene.
Ampliation of magneti eld in MHD turbulene, ommonly known as dynamo, has been of interest for almost
a entury. Earlier theories were of kinemati origin where given veloity spetrum indues growth of magneti eld,
but the magneti eld annot aet the veloity eld. In the last ten years, there have been a surge of attempts to
solve the full MHD equation inluding the bak-reation of the magneti eld to the veloity eld. Pouquet et al.
[150℄ performed EDQNM alulations and showed that residual heliity (dierene of kineti heliity and magneti
heliity) indues growth of large-sale magneti eld. Some of the reent models are motivated by the numerial
results. Brandenburg [22℄ nds that kineti heliity indues growth of negative magneti heliity at large-sales,
whih in turn enhanes the large-sale magneti eld. Chou [40℄ has shown growth of large-sale magneti eld with
small-sale or large-sale seed magneti eld. Verma's [184℄ analytial ndings are in agreement with the the above
mentioned numerial results. Field et al. [53℄, Chou [39℄, Shekohihin et al. [159℄ and Blakman [19℄ have onstruted
theoretial models of dynamis dynamo, and studied their nonlinear evolution and saturation mehanisms.
Intermitteny exponents have been omputed numerially by Müller and Biskamp [15℄ and others. Generalized
She and Leveque's [160℄ theoretial model based on log-Poisson proess ts quite well with the numerial data. Note
however that theoretial alulation of intermitteny exponents from the rst priniples is still alluding turbulene
researhers.
There are many unanswered questions in MHD turbulene. We list some of them here:
1. Goldreih and Sridhar's [69℄ argument for 5/3 spetral index for strong MHD turbulene is semi-
phenomenologial. Generalization of Verma's eld-theoreti alulation for mean magneti eld [180℄ to
anisotropi situations will be very useful. It will help us in quantifying the eets of mean magneti eld
on energy uxes et.
2. Eets of magneti and kineti heliity on energy spetrum and uxes is known only partially through numerial
simulations and absolute-equilibrium theories.
3. Good understanding of ompressible uid and MHD is laking. Theoretial studies of oupling of solenoidal,
ompressible, pressure modes et. will advane our understanding in this area.
4. There are only a ouple of large-eddy simulations (LES) of MHD turbulene, and they are not ompletely
satisfatory. Considering the importane of LES in modeling large-sale pratial systems, e.g., Tokomak ows,
dynamo et., further investigation of LES of MHD is required.
5. Appliation of eld-theoreti alulation of MHD turbulene to eletron magnetohydrodynamis [17℄, ative
salar [157℄, drift wave turbulene [137℄ et. ould help us in better understanding of these models.
6. Role of turbulene in orona heating, aretion disks, and other astrophysial objets are ative area of researh.
With these remarks we onlude our review.
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Appendix A: FOURIER SERIES VS. FOURIER TRANSFORM FOR TURBULENT FLOWS
In statistial theory turbulene we typially assume the ow eld to be homogeneous. Therefore, Fourier transform
is not appliable to these ows in strit sense. However, we an dene these quantities by taking limits arefully. This
issue has been disussed by Bathelor [8℄ and MComb [120℄. We briey disuss them here beause they form the
basis of the whole paper.
A periodi funtion u(x) in box Ld an be expanded using Fourier series as following:
u (x) =
∑
uˆ (k) exp (ik · x) ,
uˆ(k) =
1
Ld
∫
dxu (x) exp (−ik · x) ,
where d is the spae dimensionality. When we take the limit L → ∞, we obtain Fourier transform. Using u(k) =
uˆ(k)Ld, it an be easily shown that
u (x) =
∫
dk
(2π)d
u (k) exp (ik · x) ,
u(k) =
∫
dxu (x) exp (−ik · x) ,
with integrals performed over the whole spae. Note however that Fourier transform (integral onverges) makes sense
when u(x) vanishes as |x| → ∞, whih is not the ase for homogeneous ows. However, orrelations dened below
are sensible quantities. Using the above equations, we nd that
〈ui(k)uj(k′)〉 =
∫
dxdx′ 〈ui(x)uj(x′)〉 exp−i(k ˙·x+ k′ · x′)
=
∫
drCij(r) exp−ik · r
∫
dx exp−i(k ˙+k′) · x
= Cij(k)(2π)
dδ(k+ k′) (A1)
We have used the fat that δ(k) ≈ Ld/(2π)d. The above equation holds the key. In experiments we measure orrelation
funtion C(r) whih is nite and deays with inreasing r, hene spetra C(k) is well dened. Now energy spetrum
as well as total energy an be written in terms of C(k) as the following:
〈
u2
〉
=
1
Ld
∫
dxu2 =
∑
k
|uˆ(k)|2 = 1
Ld
∫
dk
(2π)d
〈
|u(k)|2
〉
= (d− 1)
∫
dk
(2π)d
C(k)
We have used the fat that δ(k) ≈ Ld/(2π)d. Note that
〈
|u(k)|2
〉
= (d− 1)C(k)Ld [see Eq. (A1)℄ is not well dened
in the limit L→∞.
In onlusion, the measurable quantity in homogeneous turbulene is the orrelation funtion, whih is nite and
deays for large r. Therefore, energy spetra et. are well dened objets in terms of Fourier transforms of orrelation
funtions.
We hoose a nite box, typially (2π)d, in spetral simulations for uid ows. For these problems we express the
equations (inompressible MHD) in terms of Fourier series. We write them below for referene.(
∂
∂t
− i (B0 · k) + νk2
)
uˆi(k, t) = −ikipˆtot (k, t)− ikj
∑
[uˆj(q, t)uˆi(p, t)
+bˆj(q, t)bˆi(p, t)](
∂
∂t
− i (B0 · k) + ηk2
)
bˆi(k, t) = −ikj
∑
[uˆj(q, t)bˆi(p, t)− bˆj(q,t)uˆi(p, t)]
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The energy spetrum an be omputed using uˆi(k, t):∫
E(k)dk =
∑
|uˆ(k)|2 /2 =
∫
dn |uˆ(k)|2 /2 =
∫
dk |uˆ(k)|2 /2
where n is the lattie vetor in d-dimensional spae. The above equation implies that
E(k) =
|uˆ(k)|2
2
Sdk
d−1.
A natural question is why the results of numerial simulations or experiments done in a nite volume should
math with those obtained for innite volume. The answer is straight forward. When we go from size 2π to L, the
wavenumbers should be saled by (2π)/L. The veloity and frequeny should be should be saled by (2π)/L and
[(2π)/L]
2
to keep dimensionless ν xed. The evolution of the two systems will be idential apart from the above
fators. Hene, numerial simulations in a box of size 2π an apture the behaviour of a system with L → ∞, for
whih Fourier transform in dened.
Appendix B: PERTURBATIVE CALCULATION OF MHD EQUATIONS: z± VARIABLES
The MHD equations in terms of z± an be written as
(
z+i (kˆ)
z−i (kˆ)
)
=
(
G++(kˆ) G+−(kˆ)
G−+(kˆ) G−−(kˆ)
)( −iMijm(k) ∫ dpˆ[z−j (pˆ)z+m(kˆ − pˆ)]
−iMijm(k)
∫
dpˆ[z+j (pˆ)z
−
m(kˆ − pˆ)].
)
(B1)
The Greens funtion G is related to self-energy using
G−1(k, ω) =
( −iω − Σ++ Σ+−
Σ−+ −iω − Σ−−
)
. (B2)
We solve the above equation perturbatively keeping the terms upto the rst nonvanishing order. The integrals are
represented using Feynmann diagrams. To the leading order,

=

+

+ (B3)

=

+

+ (B4)
The variables z+ and z− are represented by double-dotted and dotted line respetively. The quantity
G++, G+−, G−−, G−+ are represented by thik double-zigzag, thin double-zigzag, thik zigzag, and thin zigzag re-
spetively. The square represents −iMijm vertex. These diagrams appear in renormalization alulations as well as
in energy ux alulation.
1. Mean Magneti Field Renormalization
The expansion of z+ in terms of Feynman diagrams are given below:
I+ =

+

+

+

(B5)
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We illustrate the expansion of one of the above diagrams:

=

+

+

+
	
+


+

+

+

+similar diagrams for G+− + higher order terms (B6)
Equation for z− an be obtained by interhanging + and −. In the above diagrams, < z+(k)z+(k′) >,<
z−(k)z−(k′) >, and < z±(k)z∓(k′) > are represented by double-dotted, dotted, and dotted arrow lines respetively.
All diagrams exept fourth and eighth ones vanish due to gaussian nature of z±< variables. In our alulations, we
assume fourth and eighth diagram to vanish. For its evaluation, refer to Zhou et al. [202, 203℄. As a onsequene,
the seond term of I+ is zero. Similar analysis shows that the third term also vanishes.
The fourth term of I+ is diagramatially represented as
I+4 =

= −δΣ++(k)

− δΣ+−(k)

(B7)
I−4 =

= −δΣ−+(k)

− δΣ−−(k)

(B8)
where
−(d− 1)δΣ++ =

+

+
	
+


(B9)
(d− 1)δΣ+− =

+

+

+
Æ
(B10)
−(d− 1)δΣ−+ =

+

+

+

(B11)
−(d− 1)δΣ−− =

+

+

+

(B12)
In Eqs. (B9-B12) we have omitted all the vanishing diagrams (similar to those appearing in Eq. [B6℄). These terms
ontribute to Σs.
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The algebrai expressions for the above diagrams are given in Setion VIIC. These expressions have Green's
funtions, orrelation funtions, and algebrai fators resulting from the ontration of tensors. The algebrai fators
for −(d− 1)δΣ++, denoted by S(1−4)(k, p, q), are given below.
S1(k, p, q) = Mbjm(k)Mmab(p)Pja(q) = kp(d− 2 + z2)(z + xy)
S2(k, p, q) = Majm(k)Mmab(p)Pjb(q) = kp(−z + z3 + y2z + xyz2)
S3(k, p, q) = Mbjm(k)Mjab(p)Pma(q) = kp(−z + z3 + x2z + xyz2)
S4(k, p, q) = Majm(k)Mjab(p)Pmb(q) = kp(−z + z3 + xy + x2z + y2x+ xyz2)
Here, x, y, z are diretion osines dened as
p · q = −pqx; q · k = qky; p · k = pkz. (B13)
2. Renormalization of Dissipative Parameters
The Feynman diagrams for renormalization of ν±±, ν±∓ are idential to the given above exept that in renormal-
ization of dissipative parameters, > modes are averaged instead of < modes.
3. Mode-to-Mode Energy Transfer in MHD Turbulene
In Setion 3, we studied the mode-to-mode energy transfer S±(k′|p|q) from z±(p) to z±(k′) with the mediation
of z∓(q). The expression for this transfer is
S±(k′|p|q) = −ℑ([k′ · z∓(q)][z±(k′) · z±(p)]) (B14)
In perturbative alulation of S we assume the eld variables z± to be quasi-gaussian. Hene, S vanish to zeroth
order. To rst order, S+ is
S+(k′|p|q) =

+

+

+

+

+

+

+

+
	
+


+

+

(B15)
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where the left vertex denotes ki, and the right vertex (square) represents −iMijm. The diagrams for S− an be
obtained by interhanging + and −. Some of the diagrams may vanish depending on the form of orrelation funtion.
The orresponding expressions to eah diagram would involve two orrelation funtions, one Green's funtion, and
an algebrai fator. For isotropi ows, these fators, denoted by T(13−24)(k, p, q), are given by
T13,15(k, p, q) = kiMjab(k
′)Pja(p)Pib(q) = −kpyz(y+ xz)
T14,16(k, p, q) = kiMjab(k
′)Pjb(p)Pia(q) = k
2(1− y2)(d− 2 + z2)
T17,19(k, p, q) = kiMjab(p)Pja(k)Pib(q) = kpxz(x+ yz)
T18,20(k, p, q) = −T14(k, p, q)
T21,23(k, p, q) = kiMiab(q)Pja(k)Pjb(p) = −kpxy(1− z2)
T22,24(k, p, q) = −T13(k, p, q)
Appendix C: PERTURBATIVE CALCULATION OF MHD EQUATIONS: u,b VARIABLES
The MHD equations an be written as
(
ui(kˆ)
bi(kˆ)
)
=
(
Guu(kˆ) Gub(kˆ)
Gbu(kˆ) Gbb(kˆ)
)( − i2P+ijm(k) ∫ dpˆ[uj(pˆ)um(kˆ − pˆ)− bj(pˆ)bm(kˆ − pˆ)]
−iP−ijm(k)
∫
dpˆ[uj(pˆ)bm(kˆ − pˆ)]
)
(C1)
where the Greens funtion G an be obtained from G−1(kˆ)
G−1(k, ω) =
( −iω − Σuu Σub
Σbu −iω − Σbb
)
. (C2)
We solve the above equation perturbatively keeping the terms upto the rst nonvanishing order. Feynmann diagrams
representing various terms are

=

−

+

+ . . . (C3)

=

−

+

+ . . . (C4)
Solid and dashed lines represent elds u and b respetively. Thik wiggly (photon), thin wiggly, thik urly (gluon),
and thin urly lines denote Guu, Gub, Gbb, and Gbu respetively. The lled irle denotes −(i/2)P+ijm vertex, while the
empty irle denotes −iP−ijm vertex. These diagrams appear in renormalization alulations as well as in energy ux
alulations.
1. Visosity and Resistivity Renormalization
The expansion of u, b in terms of Feynman diagrams are given below:
Iu =

−

+

−

+

−

(C5)
Ib =

+

+
	
+


(C6)
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Fator of 2 appears in Iu beause of <> symmetry in the orresponding term. To zeroth order, the terms with <>
are zero beause of quasi-gaussian nature of > modes. To the next order in perturbation, the third term of Iu is

=

+

+

+

−

−

−

−
	
+


+

+

+

+
Æ
+

+

+

+higer oder diagrams (C7)
In the above diagrams solid lines denote < u(k)u(k′) >, and the dashed-arrow lines denote < u(k)b(k′) >. The
orrelation funtion < u(k)u(k′) > is denoted by dashed line. As mentioned earlier, the wiggly and urly lines denote
various Green's funtions. All the diagrams exept 4,8,12, and 16th an be shown to be trivially zero using Eqs. (142
148). We assume that 4,8,12, and 16th diagrams are also zero, as usually done in turbulene RG alulations
[120, 193, 202, 203℄. Hene, the term is zero. Following the similar proedure we an show that the 4th term of Iu,
and the 2nd and 3rd terms of Ib are zero to rst order. Now we are left with >> terms (5th and 6th of Iu, and 4th
term of Ib), whih are
Iu3 =

−

= −δΣuu(k)

− δΣub(k)

(C8)
Ib3 =

= −δΣbu(k)

− δΣbb(k)

(C9)
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where
−(d− 1)δΣuu =

−
	
+


−

(C10)
−(d− 1)δΣub = −

+

+
Æ
−

(C11)
−(d− 1)δΣbu =

+

+

−

(C12)
−(d− 1)δΣbb =

+

+

−

(C13)
In Eqs. (C10-C13) we have omitted all the vanishing diagrams (similar to those appearing in Eq. [C7℄). These terms
ontribute to Σs.
The algebrai expressions for the above diagrams are given in Setion 7. For isotropi ows, the alge-
brai fators Si(k, p, q) resulting from tensor ontrations are given below. The fators for the diagrams are
S, S6, S6, S, S, S5, S, S5, S8, S10, S12, S7, S8, S9, S11, S9 in sequential order.
S(k, p, q) = P+bjm(k)P
+
mab(p)Pja(q) = kp
(
(d− 3)z + 2z3 + (d− 1)xy)
S5(k, p, q) = P
+
bjm(k)P
−
mab(p)Pja(q) = kp
(
(d− 1)z + (d− 3)xy − 2y2z)
S6(k, p, q) = P
+
ajm(k)P
−
mba(p)Pjb(q) = −S5(k, p, q)
S7(k, p, q) = P
−
ijm(k)P
+
mab(p)Pja(q)Pib(k) = S5(p, k, q)
S8(k, p, q) = P
−
ijm(k)P
+
jab(p)Pma(q)Pib(k) = −S5(p, k, q)
S9(k, p, q) = P
−
ijm(k)P
−
mab(p)Pja(q)Pib(k) = kp(d− 1)(z + xy)
S10(k, p, q) = P
−
ijm(k)P
−
mab(p)Pjb(q)Pia(k) = −S9(k, p, q)
S11(k, p, q) = P
−
ijm(k)P
−
jab(p)Pma(q)Pib(k) = −S9(k, p, q)
S12(k, p, q) = P
−
ijm(k)P
−
jab(p)Pmb(q)Pia(k) = S9(k, p, q)
2. Mode-to-Mode Energy Transfer in MHD Turbulene
In Setion 3, we studied the mode-to-mode energy transfer SYX(k′|p|q) from mode p of eld X to mode k' of
eld Y, with mode q ating as a mediator. The perturbative alulation of S involves many terms. However when
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ross heliity is zero, then many of them vanish.and yield
〈Suu(k′|p|q)〉 =

+

+

; (C14)
− 〈Sub(k′|p|q)〉 = −

+

+

; (C15)
− 〈Sbu(k′|p|q)〉 =

−

+
	
; (C16)
〈
Sbb(k′|p|q)〉 =


+

−

(C17)
In all the diagrams, the left vertex denotes ki, while the lled irle and the empty irles of right vertex represent
(−i/2)P+ijm and −iP−ijm respetively. For isotropi nonhelial ows, the algebrai fators are given below. The fators
for the diagrams are T1, T5, T9, T2, T6, T10, T3, T7, T11, T4, T8, T12 in sequential order.
T1(k, p, q) = kiP
+
jab(k)Pja(p)Pib(q) = kp
(
(d− 3)z + (d− 2)xy + 2z3 + 2xyz2 + x2z)
T3(k, p, q) = kiP
−
jab(k)Pja(p)Pib(q) = −k2
(
(d− 2)(1− y2) + z2 + xyz)
T5(k, p, q) = −kiP+jab(p)Pja(k)Pib(q) = −kp
(
(d− 3)z + (d− 2)xy + 2z3 + 2xyz2 + y2z)
T7(k, p, q) = −kiP−jab(p)Pja(k)Pib(q) = −kp
(
(2− d)xy + (1− d)z + y2z)
T9(k, p, q) = −kiP+iab(q)Pja(k)Pjb(p) = −kq
(
xz − 2xy2z − yz2)
T11(k, p, q) = −kiP−iab(q)Pja(k)Pjb(p) = −kqz (x+ yz)
T2n(k, p, q) = −T2n−1(k, p, q) for n = 1..6
For helial ows, we get additional terms involving heliities. We are skipping those terms due to lak of spae.
Following the similar proedure, we an obtain Feynman diagrams for mode-to-mode magneti-heliity transfer,
whih is
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〈
SHM (k′|p|q)〉 =

−

+

+

+

−

+

−

+
	
(C18)
where empty, shaded, and lled triangles (verties) represent ǫijm,−ǫijmkikl/k2 and ǫijmkikl/k2 respetively. The
algebrai fators an be easily omputed for these diagrams.
Appendix D: DIGRESSION TO FLUID TURBULENCE
Many of the MHD turbulene work have been motivated by theories of uid turbulene. Therefore, we briey sketh
some of the main results are statistial theory of uid turbulene.
1. MComb and oworkers [120, 125, 201℄ have suessfully applied self-onsistent renormalization group theory to
3D uid turbulene. The RG proedure has been desribed in Setion VIID 1. They showed that
E(k) = KKoΠ
2/3k−5/3, (D1)
ν(k = knk
′) = K
1/2
KoΠ
1/3k−4/3n ν
∗(k′), (D2)
is a onsistent solution of renormalization group equation. Here, KKo is Kolmogorov's onstant, Π is the energy
ux, and ν∗(k′) is a universal funtion that is a onstant (≈ 0.38) as k′ → 0. See Fig. 33 for an illustration.
2. Energy ux for 3D uid turbulene an be omputed using eld-theoreti tehnique desribed in Setion VIIIA 1.
This tehnique is same as Diret Interation Approximation of Kraihnan. The omputation yields Kolmogorov's
onstant K to be lose to 1.58.
3. The above analysis an be extended to 2D uid turbulene. We nd that Eqs. (D1, D2) are the solution of RG
equations, but ν∗(k′) is negative as shown in Fig. 33. The funtion ν∗ is not very well behaved as k′ → 0. Still,
negative renormalized visosity is onsistent with negative eddy visosity obtained using Test Field Model [86℄
and EDQNM alulations. We estimate ν∗ ≈ −0.60 . The energy ux alulation yields K2DKo ≈ 6.3.
4. Inompressible uid turbulene is nonloal in real spae due to inompressibility ondition. Field-theoreti
alulation also reveals that mode-to-mode transfer S(k|p|q) is large when p ≪ k, but small for k ∼ p ∼ q,
hene Navier-Stokes equation is nonloal in Fourier spae too. However, in 3D shell-to-shell energy transfer rate
T YXnm is forward and most signiant to the next-neighbouring shell. Hene, shell-to-shell energy transfer rate is
loal even though the interations appear to be nonloal in both real and Fourier spae. Refer to Zhou [199℄,
Domaradzki and Rogallo [49℄, and Verma et al. [187℄.
5. In 2D uid turbulene, energy transfer to the next neighbouring shell is forward, but the transfer is bakward
for the more distant shells (see Fig. 34). The sum of all these transfers is negative energy ux, onsistent with
the inverse asade result of Kraihnan [86℄. For details refer to Verma et al. [187℄.
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Figure 33: Plot of ν∗(k′) vs. k′ for 2D and 3D uid turbulene. In 2D, ν∗ is negative.
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Figure 34: Plots of shell-to-shell energy transfer rates T Y Xnm /Π vs. n−m for 3D and 2D uid turbulene. In 3D energy transfer
is forward and loal. In 2D energy transfer for energy transfer is forward for the nearest neighbours, but the is bakward for
fourth neighbour onward; these bakward transfers are one of the major fators in the inverse asade of energy.
6. Kineti heliity suppress the energy ux. Field-theoreti alulation disussed in Setion VIIIA 3 yield
Π = K3/2Π(0.53− 0.28r2K),
where rK = HK(k)/(kE(k)) (see the entry of Π
u<
u> in Table X).
7. All the above onlusions are for large Reynolds number or ν → 0 limit. The behaviour of Navier-Stokes
equation for visosity ν = 0 (invisid) is very dierent, and has been analyzed using absolute equilibrium theory
(see Setion IVC). It an be shown using this theory that under steady state, energy is equipartitioned among
all the modes, resulting in C(k) = const [140℄. Using this result we an ompute mode-to-mode energy transfer
rates 〈Suu(k|p|q)〉 to rst order in perturbation theory (Eq. [197℄), whih yields
〈Suu(k|p|q)〉 ∝
∫
(T1(k, p, q) + T5(k, p, q) + T9(k, p, q))Const
ν(k)k2 + ν(p)p2 + ν(q)q2
= 0
beause T1(k, p, q) + T5(k, p, q) + T9(k, p, q) = 0. Hene, under steady-state, their is no energy transfer among
Fourier modes in invisid Navier-Stokes. In other words priniple of detailed balane holds here. Note that the
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above result holds for all spae dimensions. Contrast this result with the turbulene situation when energy pref-
erentially gets transferred from smaller wavenumber to larger wavenumber. This example ontrasts equilibrium
and nonequilibrium systems.
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